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ABSTRACT
~
) The lectures deal mainiy with the condensation of self-gravitating
masses of gas from cosmic clouds, with special attention to difficulties due
to angular momentum and a magnetic field. Emphasis is laid on the dynamical
problems of the early stages, belore opacity becomes important.
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3. GRAVITATIONAL IRSTABILITY IN 4 NOR-ROTATING

NOE- MAGNETLC MEDIUM

i.l Jeans's classical 'treatmentf

between the anguiar frequeacy & and the wave-number k :

L{)l !!(z CZ - lﬂrﬁ§o)

Yl

where C is the velocity of sound when grailtiy can be ignored, .?o

:,z

k- ‘;4""5& .
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P

is ome half a wavelengith; i.e.

T
AT:— kr =

in (3) and (%).
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Plane pressure waves are imag:ised propagating irn a self-gravitating uniform gas at
rest, If the disturbance is =€ c-tP[L(k*‘°kU) there results a simple dispersicn relation

is the unperturbed

density, and 9 the gravitatioral constant. Thus there exists a critiecal wave numbter

1 k >7 k:r — small vaveiengths = W / kac the disturbances are just sound
waves, slightly modified by the gravitational reduction of the elasticity of the medium.
For k‘ < b—) v / C is imaginary; the dernsity perturbations are not reversed by gas
pressure but are amplified by seif-gravitation, the e-£0lding time being .

o (e (kg™

We note ihat the time is infinite for k = kj- and decreases monotconically
- with increasing wavelength to the iimit (I‘TS €°)ﬂ)2~ The minimum unstable length A;r

(&)

As a numerical example, consider an H I medium with fb = 10 ™
and temperature @ = IOl °K 3 ‘then )3. ~ 25 parsecs, and the shortest
@ -folding time is v 107 years. As the work of Spitzer and Sza.wned.off2 yields a
much shesrter time - about 100 years - for radistive absorption and emission to iron out

temperature variations. the isothermal rather than the adiabatic sound speed must be used

(2)
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The main objection to Jeans's treatment is that insufficient attention is paid to
the zero-order state which 1s being perturbed. The infinite uniform medium cannot have
a gravitational field, as there is nc direction in which it can act; yet Poi c=on's equation
demards that there be a gravitational .ield with a non-vanishing divergence. But if, more
renlistically, one considers a finite, roughly spherical aloud, in equilibrium under its
6éun thermal pressure, then from the virial theorem (see 1ater))

T

il

— )
2R

where the total kineticenergy 1 = M et > Q is the gravitational energy, and
M and R are the mass and radius of the cloud. Thus

~ — O~
¢t o~ 5}% “‘—%QfR) L)

? being the mean density} and the critical length (4) is

G&l=r 7

Clearly, then, one cannot apply the Jeans analysis, which assumes a uniform zero-
order density, to disturibances of wavedength comparable with the background scale-
height. The analysis is valid only for vavelengths much less than the radivs,
yielding Just sound-waves slightly mcdified by self-gravitation, but no instability. If,
on the other hand, the temperature and density are such that the Jeans length is much less
than the rzdius, then the cloud must be contracting, and the instability problem must
be reconsidered., Jenrslimself was aware of this difficulty: he admits that his treatment
is relevant only if the gas cools in a time much shorter than the gravitational free-fall
time., Such a possibility lias teen envisaged recently by Hoyle, in a discussion of galaxy
formation. Othervwise, we are forced to admit the overall collapse of the gas cloud, and
study the instabllity problem against a freely-falling background,

1.2 The initlal collapse of a gravitating cloud,
. The following treatment is due to Eberts, Bonnor*and McCrea.s- Consider a cloud
sublect to an external pressure p.. The virial theorem (first derived by Poincare/) states

-2 -

M* 5
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.(5 = gravitational accxl.eration,
IS = surface element with an inward-directed normal,
\Vs = volume of cLOud,
I = ( f,r&,\v = "moment of inertia about
'Vl the origin,"”

kinetic eneryy

sum of thermai. turbulent and bulk motion energies,

Tne theorem is derived by taking the scalar procduct of £ with the equation ol motion
of each particle, and tner summing. The forces due to collisions between particles cancel
except for thase between surface particles and the external matter, which are absorbed imto
the pressure P 5> magnetic forces are temporarily ignored,

In equilibrium d T /d b= O for equilibrium to persist d21 /ti t%= 0,

s0 that a necessary (but by no means a sufficient) condition for equilibrium is

P 3

Here P has been assumed uniform and the surface integral transformed byGauss's theorem;
and

- o AV

Sl - ¢~ _§ = gravitetional energy. ( In)
It is clear that in a steady state any macroscopic kinetic energy must be turbulent or
rotatory. If T is purely thermal, and the gas is mona*umic,

2 R G M _ 3 M C.L
T = internal energy U = i -—7/:“_ - 7 )
vhere @ 1$ absolute temperature and ,« the mean molecular weight. Bonnor's “"modified
Boyle's law’ is then
_2s L[ [(2>0) (v
P = € 3 Vv
- 5 -




‘P tc be steadily increased, isothermality being maintained by radiative

Now consider
» loss of emargy of compression. Then

cte

e YR
v R (4R*)

Hence there exists a maximum ?c to the externa. pressure which the cloud can withstand,

after which gravitational collapse starts. he critical radius Rc is necessarily

somewhat larger - by a factor two - than the critical radius given by applying the virial
thecrem without the external pressure (equation ). For P < “Pc , there
exist also equilibria with R < Q c, but they are unstsble and so of no interest.
The importance of keeping in the external pressure term is not because of the change
in the critical radius, but because it keeps the problem scmewhat :loser to reality.
The exact sclution of the Emden equation to the isothermal gravitating gas sphere does not
vield a zero density at a finite distance, so that an external pressure is required to keep
a cloud of finite mass in equilibrium. Further, current ideas on cloud formation require
an external compression - e.g.from an expanding H_l-I region within a gelaxy, or from hot
intergalactic gas on the cosmological level. A violent enough campression will bring
about gravitational collapse; otherwise the cloud will re-expand and try and reach
pressure equilibrium with the low demsity, hot, inter-cloud gas,
The effect of a strong centrifugal field will be comsidered in Section 3 l.
A turbulent field will also contribute to pressure balance, though in the absence of an
energy supply to keep the cloud stirred vp - e.g. a hot star - the turbulence must decay,
its epergy being thermaiised and radiated away. In fact if the turbulemt pressure is
to exceed the thermal, the velocities must be supersonic, so that rapid dissipation in
shocks :.s t0 be expected. This seems to be supported by measurements of line-widths,
vwhich indicate subsonic random velocities within individual clouds, (as compared with
t. e supersonic v2locities of clouds relative tc each other)., Thus turbulence should not
alter the order of magnitude of the conclusions. Its importance is rather that it
necesserily provides e field of density fluctuations which are essential to the break-
up of an iscthermal contracting cloud into sters - see Section 1.k,
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So far we have assumed a fixed,uniforn temperature for the cloud. A fixed external
* pressure can vecome critical and so cause collapse if the cloud systematically cools below
its initial temperature - e.g. because of a sharp increase in the fraction of hydrogen in
molecwlar form, itself brought about by the initial compression. It is also possible that
t such croling occurs locally, so allowing further compression and ultimate gravitational
collaz:e of a mass of stellar order, while the cloud as a whole stays in equilibrium,
Howevr *, this seems a rather exceptional case, as corpared with the bresk-up of an iso-
theri: L cloud that 1is itself collapsing.

1.3 ¢ »llapse without frage.=ntation.

suppose now that the critical pressure is exceeded, and the cloud contracts. The
. com ession of the gas generates heat, which must be radiated if isothermality is to be
‘ maj .ained., Thus in a diffuse cloud of pure mornatomic hydroger, collisional icnization

an’ cadiative recombination start near l 0 Ll K and keep the cloud temperature

ne¢: ly constant at this value, In a cool H:‘: cloud, dust grains amd H:Z molecules can
ro .ate the heat of compression without the temperature rising much abeve the standard
v' .ue of about lOOOK, as long as the opacity is lov.z Then once contraction starts it
¢~ on becomes gravitational free-fall because the thermal energy stays constant while
~n2 gravitational energy increases in absolute -ralue.

E Once pressure can be ignored, the equation to the collapse of a spherically symmetric
2 #@ass is

P-4 ()

\

ARG

Here YT ( m, bt ) is the radius of tre mass sphere m at time ¢ —~ m is used as an independent

variable. Taking the special case in vwhich f)f‘/\v(" ~{ at t = for each w 5

i

we find the solution of (i) tc be

r—

r= orfw) 22 0
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Thus the mass sphere w collapses in a characteristic time

-

T e 2. G
326 % (~)

ipnevitably of the same order as the shortest Jeans €-folding time., The gravitational energy

/T.a

released ai. becomes (in this approximation) kinetic emergy of inward bulk motion.. In
fact, even vhen the pressure gradienmt is dynamically negligible, there is always some heat
generated: the free-fall avproximaticn depends on this not beirg able to build up a8 strong
pressure gradient. As the density goes up, the opacity increases and the cloud becomes
optically thick in the frequencies radiated. Something like the Planck radiaticn

density for theee Iresquencies in then built up, erd some of the gravitational energy
released builds up a temperature gradient adequate to drive out the heat of compression.
Provided the increased thermal energy is still small compared with the gravitational

the free-fall continues.

At s:ill greater densities the opacity becomes so great that coilapse at the free-fall
rate is essentaglly adisbatic. Suppose that at a radius R‘ << the initial radius Ro
the radiative loss is effectively cut off. In collapsing from ?o to R, the cloud releases
gravitational energy

2 2 2/t ) >
SU, - L, ~ ~€‘_h_1_ L =CJM('R' ‘.’{,,’('7)
[ ] R?‘ ‘ ,:)\‘ 1 !

the bulk of it becoming macroscopic kinetic energy -r, and a negligibie fraction being
thermally dissipated and raciated away. As by hypothesis collapse teyond 2\ is
adiavatic, it will be halted if there exists a radius Ry {R| at which the internal
energy. built up by the adiabatic collapse, has absorbed both *r’ and the furthexr release
of gravitational energy (D.'-\Qz): i.e. the internal ecnergy at Rl is:

/‘\
o
~

u‘J.Q /D_O-S.l‘)-t (\)2, ‘\‘)\LQ_) = ‘Qc‘;ll-
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However, for R,_ to be an equilibrium radius, the thermal part -T;h of the intermal
energy must satisfy the virial theoren
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(the surface pressure contribution being clearly negligible at these much higher demsities).
: As usual

T, - %(\('(‘)U ¥ f.&) (20)
h

BN LY AL

W8 RRITRNAGY

50 that in equilibrium
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Thus the actual internal energy v aQ given by (18), exceeds tke value for dynamical
equilibrium, given by (2t), if

S, - S)-L > = &2_ /g/f_‘) )

or

\J

e 7 % + (y,\)(JLa/.,Ql)_

(]’.t adiabacy takes over only when R. & Ro - so that “2p /\Q—g_ << l~ condition
() is effectively & ) 4/3 ) The cloud has then too much energy to stay in dynamical
equilibrium at R , and so i1t bounces buck., As the kinetic energy of oscillation is
dissipated - e.g. in shocks - the cloud tries to approach equilibrium at a radius Ri
given by (2@) with v’ = See —Sl..l

, 3 (¥-
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With 3/ not too close to % this radius is of the same order as Ro;e.g. with b’
= fls it 1is R,/.?./ and is therefore likely to be greater than R, .
Thus the equilibrium radius - given by assuming that all the gravitational energy relessed
is thermally dissipated but not radiated avay - yields a radius at which the cloud is not
opaque; much cf the thermal energy required to hold the cloud up would be immediately
radiated awvay, and the cloud would collapse again, but with less energy than before.
Clearly, (still on the assumption that the cloud does not break up into sub-condensations),
dynamical enuilibrium will %e attained only when so much of the released gravitational
energy has been dissipated and radiated avay, that the equilibrium state is dense and
therefore opaque: i.,e., at a radius less than R, « Subsequent contraction takes place with the
cloud in hydrostatic equilidbrium, at a rate determined by the energy leak down the
equilibrium temperature gradient — Kelvin - Helmholtz contraction. The gravitational
energy released supplies the surface loss and heats up the cloud to the value required
for equilibrium,

1t ¥ <4/3 the internal degrees of freedom of the gas absorb too much of the
released gravitational energy f£or the collapse to be halted (cf. Eddington 6 ): the
cloud is never able to transform its inward kinetic energy into internal energy, as required

if the contraction is to be reversed at Rg . As an example, consider a cool dense
opague HI_ cloud, contracting slnwly because of the strong absorption in the infra-

red by molecules and dust grains. As the temperature slowly rises, molecules digsociate and
dust grains volatilize, so reducing the opacity; and near IO" "K ionization of hydrogen
begins, for~ing Y Jdown to near unity., Thus even if the cloud stays opaque the absorption
of energy by collisional ionization will temporarily allow the cloud to fall freely.

1.4 Fragmentation.

A crucial part of the argument of Section 1.3 is the assumption that the cloud
contracts or expands as a whole, without breaking up into sub-units, so that it is reasonable
to talk of oscillations of a gas sphere, and, in particular, tc expect kinetic energy to bte
rapidly dissipated in shocks. But the mass of a gravitationally bound galactic cloud is
far above stellar order: for example, with ® = 1to%* ‘I am e~ 10°m I
a rather dense cloud - the critical mass for collapse is X2 35_ @) G: . Although 1t is
possible to imagine extreme circumstances in which an interstellar globule of stellar
mass is compressed until it becomes gravitationally unstable, it is far more plausible

that most stars are formed in clusters by the fragmentation of massive gravitationally bound
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clouds of initially low density. Subsequent slow disintegration of star clusters feeds the
general star field. The much greater mass of globular clusters as compared with galactic
clusters suggests that the primeval galactic gas had a much higher temperature - say

10" ° K — than the 100° or so estimated for present-day clouds, so that only
very large masses were able to contract and form a star clister,

02 AGLA N TP T AR BN L USRI (RN

If fragmentation could not occur, then we should have the problem of the ultimate fate
< of a gravitationally bound cloud of mass 250 O or more that continually contracts, heating
1tself vp and ruciating excess energy. As it is, we want to find a dynamical description

of the formation of sub-condensations; our object is to produce from the cloud a "gas" 4
of blobs of small collision cross-sections, maintaining their spatial distribution because :
: of their kinetic emergy. By break-up into blobs that interact elastically, the natural
tendency of the system to dissipate its energy is sharply cut off.

IR

Hoyle first pointed out thav under isothermal collapse the condition of gravitational
binding holds for progressively smaller masses. fThus if initially

rar e rns A s

beK€L C;CL @4’)

sC that gravitationmal collapse is just possible, then since @ =K / / R 3 and with
(on constant, gravitation becomes dominant as R decreases, as already noted.

Thus when the whole cloud has radius R ) g o ?0203 / Rg’) and a blob of radius R ! can
be gravitationally bound if

+
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and the mass of such a blodb is
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where M is the cloud mass. Thus if RIR: 2"3) M'/M ‘;::,‘/{ ond R'/R o~ //V3 —_

the cloud "can" break up into {ive gravitationally bound masses once its density has gone
up by about 27. Hoyle shows that during the contraction of the cloud by about a factor
1/3 , the near balance between gravitation and pressure ensures that most of the gravitational
energy released is dissipated thermally and radiated away; but subsequent collapse of the
cloud as a whole would generate a kinetic field, which if not dissipated would be strong
enough to re-expand the cloud - essentially as in Section 1.3. But the formation of
sub-condensations - each with an internal pressure field initially comparable with its
self-gravitation - enables much more energy to be dissipated., Hoyle thus pictures a
hierarchy: as each fragment collapses isothermally, sub-condensatiorsform within it.
The process is halted when the opacity is too high for the isotnermal approximation to
be valid, and the final fragments contract at a rate determined by the energy leak down
their equiliprium temperature gradients.

A number of objections can be raised against Hoyle's scheme and his argumencs for
it. There is a logical hiatus between "can" and "will": the fact that a blob would be
gravitationally bound even if it were not part of a larger mass does not prove that it
will in fact separate out from the collapsing background. On the contrary, if the cloud
remained, e.g., a strictly uniformly dense sphere, then no fragments would form. One
needs to emphasise that there will inevitably be a field of pressure-density fluctuations
of all wavelengths up to the cloud radius - "longitudinal turbulence”. The problem is then
to give dynamical reasons why fluctuations of large enough scale should be amplified more
rapidly than the mean background density. Appeals to the necessity to dissipate erergy
are not convincing unless supprrted by a dynamical model. Further, although dissipation
inevitably occurs, we have noted that in order to emnd up with a star cluster of finite
radius, we require that dissipation be cut off by the very process of star formation;
exphasis on energy dissipation is therefore misleading.

Consicder, then, a density fluctuation within the contracting cloud. If the background
motion could be ignored, the Jeans analysis ylelds as the vertical length for amplification

~ ( 44 g) * < v (22)

so that the Jeans length becomes a smaller and smaller
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fraction of the rudius as contraction ensues, This is just another way of stating Hoyle's
point that the minimum mass allowed by the virial theorem decreases under isothermal
contraction, and does not itself prove that such a blob will separate out from the
contracting background, However. one's first guess is that a local density excess will
cause a local gravitational pull towards the center of the blob, so tnat tne local

PSRN L CEAEsD St )

density goes up more rapidly than the mean, Tnis argument has been cnalleaged on time-
sca.Le grounds. The time of free-fall of the wnole cloud from an initiai density Fo W
ng ’“Wrbh:.n a blob the pressure gradient wili be necessarily larger uman iu the whole
cloud, aud will therefore reduce yravity somewhat, but for wavelengths well auvove the

3
??
E
e
2
%
s;

instautaneous Jeans leugth this can presumably be ignored, so that the time of collapse

of tue blob due to its seif-gravitation is =~ [_ A ( fe 4 Nt }| i< 'y Wuere (fo-t-&gt)
- is tne initial density of tte bisc. 1€ Lif/f ) << ! — s0 taat swail

perturpation theory is applicavie ~ tne two times are aimost 1denticar; uence it is argued

that fluctuations wilt uot grow more rap:dly vhan the mean background density.

However, this argument depends on misusing the idea of a "free-fall time" -

the time in which the density of a collapsing blob increases by a substantial factor.

The near equality of the two times. for the cloud and for the small blob within it ,

means not that the blob cannot separate out, but that one must wait a time of the order

of the cormon free-fall time before the extra self-gravitation of the blob manifests itself.
As an example, consider & collapsing uniform sphere, of density E P and a sub-
3 sphere within it, of density (fo-' \ i,) The mean gravitational field yields the same
relative inward acceleration for each element -~ in (u) fc ( m) is by hypothesis the
same { S’ ) for each mass sphere, so that the associated parameter Q and

therefore / o} ) are functions of time only. Thus the backgrounu gravitational

field does not disrupt the blob. As we are concerned with tires near the end of the free-

3 fall of cloud, we replace 3 by 7/)_‘ X so that the mean density is by (iS )

E - = — Jc 6
;‘ ? f’/ :'.'—}(._zl‘)c = Le /X (-')

° P/

and X  at time U satisfies
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Introducing a similar pearameter X = 9 = 18 to describe the density of the
blob as a function of time, we have

- W 3
al %g(g,+sf93“ =5 - 5%

hence
g +Ss _[§40 [, ‘fl_(%f) 2
.é- = f- 0 ?73 F 0 >
s0 that even if @ f / .’?‘ )0 4(. }  the local density has become large compared

with the mean when

v = (¥,

i.e, when the relative contraction of the cloud

D 3
-~ - 2. gn 21
—_— = (e — o
'ad (Vh, 0)
— ) '3 -V: - \"2-
For example, if @2/{’ )o’\' v 95 Yo 1o - The point is that the relevant
independent variable is not the time, for gravitational collapse acceleratesrapidly. dut

rather the degree of contraction of the whole cloud. The singularity in (31) when = ®

means that once the free-fall time has elapsed the fragments rapidily acquire negligibly

small cross-sections. If, as is more plausible, the density fluctuations present are

not small, then the separating out of blobs will occur earlier during the collapse.
Crucial steps in this argument are (I) the choice of wavelengths large compared

with the instantaneous Jeans length, so that pressure is ignorable for the blob as well

as the cloud; (II) the recognition that the mean field is not disruptive in a spherical

system. This "tidal effert™ of the mean field is the ¢:cond argument that has been used

against fragmentaion? In a less idealized problem one would expect that even if the

cloud as a whele is collapeing roughly sphericailly, the departures from strict spherical

symnetry would probably mean that the mean gravitational field is able to preven} amplifi-

cation of some small density fluctuationrs, If the local mean field changes its direction
- 12 -
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sharply across a blob of scale *L , the disruptive force could be as large as 5 3? e:;
he blob would then be able to grow - against tic mean background - omly ii @ + if = 2 €-te.
only if the perturbation is "largel. Hocwever, one does mot neeu thc sragmentation
process to be 100 per cent efficient/ and it is difficult to believe that in a cloud which
i5 collapsing roughly spherically, the possible tidal disruption would be the dominant
effect, especially as there is no physical reason for limiting the density perturbaticns to

a small fraction of the mean,
A rigorous treatment of t*e instabilities in a freely-falling uniforw isothermal

sphere has been given by C. Hunter? He considelra small erbitrary perturbastion, which
has both ar irrotational and a solenoidal part. He confirms that the "tidal"™ term is
not disruptive, and that the rough treatment given above does predict correctly the
order of the mean density at the epoch when the blob has effectively separated out. If
pressure is initially 1mporta.nt-;he perturbation considered has a scale less than the
initial Jeans length - then at first the density oscillates: but as the mean density goes
up secular amplification takes over, The separating out is delayed but not prevented:
perturbations which are initiaily "stable" ultimately become unstable. FPFurther, ampli-
fication occurs only when the self-gravitation of a blcb is large compared with the tlob
pressure gradient, in agreement with our rough treaiment, but comtrary to Boyle's
argument that fragmentation allovws the cloud to dissipate significantly more -nergy.
Hunter also considers the non-isothermal problem. 1§ | <= ¥ << %f3,
the pressure term is asymptotically negligible, so that the pressure-free solution is
witimstely valid. I£€ S13 5 % 7 4/3  ine solutions are oscillatory, with
amplitudes and frequencies that increase with time. If & =43 perturbations with
wavelengths initially less than the Jeans length also yield oscillatory solutions.

It should be noted that the epoch - measured by the appropriate parameter, the radius

of the cioud - at vwhich a perturbaticn has amplified significantly depends on the
perturtation strength. Thus although the length scale must exceed the instantanecus
Jeans length for secular amplificatici, it does not follow that Hoyle's hierarchy is the
correct picture. Rather the mass spectrum of the self-gravitating blobs that form
depends on tre spectrum of the longitudinal turbulence present in the cloud. If the
turbulent kinetic energy is concentrated in the smaller wavelengths, then their more
rapid growth, coce the Jeans length is small encugh, may more than off-set the earlier
start of the larger wevelengtns., Any lozal cooling will further agsist collapse of small
blobs., Ciservationally. the hierarchaical picture seems to apply mor+ to a cluster of
galaries, eachk with its steilsr sub-systems, than to a star cluster,
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If the perturbation field had tco high a degree of symmetry, all the blobs would
ultimately goalesce near the center, and nothing would be gained, However, even if the
cloud as a vhole has zero angular momextum, the perturbations in the wvelocity field
will in general endov each fragment with some angular momentum about the cloud's mass-
center; and as the fragments rapidly acquire very small cross-sections, the kinetic
energy that keeps the cluster of finite extent is not destroycd by collisions. The orly
doubt that arises is whether the random gravitational fields associated with the density
Fluctvations would endow each fragment with so much spin that its comtraction to a body of
small cross-section would be seriously impeded, thus increasing the probability of
energy destruction by collision'.o However, the neglect of the angular momentum in the
cloud is highly unrealistiec, so it is anyway unplausible to extrapolate the theory to
indefinitely high mean densities. The value of Hunmter's work - apart fram its clarifying our
ideas on a classical problem - is twofold, First, it may very vell apply to the initiali
stages of the coatraction of a cloud of finite angular momentum, before the problem is
fundamentally changed by centrifugal force becoming comparable with gravity: e.g. it may
describe the break-up of the primeval meta-galactic cloud into proto-galaxies. Secondly,
when dealing with further complications, such as magnetism, it gives one confidence to
bridge the gap between "can" and "will"; one expects that density fluctuations of a

scale substantially larger than the minimum set by the appropriate form of the virial
theorexm will alvays be able to grow agsinst a contracting background,

1.5 Accretion by previously formed stars.
Gravitational accretiorn differs from gravitatiopal instability, in tnat it deals

with the effect on gas, presumed tp have negligible seif-gravitation, of the gravitational
field of a star already formed, Tne process is most efficient when the star is moving

2
through the cloud at a speed much less then the sound speed C ('\l LCN F SN S T K) .

Then if again magnetism and angular momentum are assumed innocuous, the ges flows

approximately spherica.lly towards the star, and the rate of increase of the mass M
of the central star ia
t_
where
=~ Bondi radius = gﬁ-

fo * tne dexsity from the star,
I
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and l is a perameter of order uzity, its exact value depsnding on the effective value

. of b/ for the flow, For iscthermal flow this formuia cen be derived approximately as

follows. Near enough to the star, the gas fiows under the star's gravitation unimpeded
by pressure, so that its speed Vv at radius y- 1is given by

viie 16_..” . (3
—

In a steady state

ALTY"Q ev = A - constant accretion rate , {3l )

so that the pressure gradient per unit mass is
i
ct¢

S

——

{

v\, 2) x> 3o
c"‘/\:,—-r > = (37)

by (3(:). Thus the pressure teim ceases to be small compared with gravity when

3 c* ~ 5 M
3 “— - ";'z J (33}
or = 2r, /3) at which radius by (35), VvV = c. Beycnd = ™R

the inertia of the fiow 5125 negiigible, f >~ f,,c , and v = ¢ (V‘B/r)l_; within
R, €= &(rﬁ/ri Tae accretion rate A = fligvet = l;}l“fvpc e
in order of magnitude agreement with Bondi's accurate formula (’34).
2 2
iz @ > 1c? K ama o= oSy / C»",  then (34) shows that
the accretion rate is sufficient to build up a massive star in a reasonable time. But

a bright star moving into a cool H TV  cioud tends to buiid up & hot =zone of ionized hydroges.

Even if the hot sphere achieves dynamical equilibrium with the surrounding cooler
matter, so that inflow starts up the pressure of the gas, now at [0 ko 5> will cut
down the accretion rate by a factor of at ieast | o3 . more if the density has been
reduced by the establishment of equilibrium., The only way for accretion to occur at the
maximm rate is for the Strimgrer sphere to be kept small - somewhat less thar the Bondi
radius computed for C the sound speed at Io* ‘K . This will occur if the
density near the star is much higher than the dens.ty far away - so that tne extiznction
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of ultravioliet light is greatly increasedl.l This can be achieved if the star is initially
of low luminosity, so that it can build uwp its accretion density-veloecity field. A
small Strémgren sphere is built up; it graduslly expands as the ultra-violet flux increases
with the mass of the star, until at e critical rass - depending on the mean density of the
cioud - the H E zone explodes, and the cloud is effectively exposed to a newly-born
O or B star.

This process for preducing O ard B stars effectiveiy separates the problem of the

origin of these relatively few tright (and therefore short-lived) stars, from the origin

of the far more numerous stars of moderate mass. Such e separation was more plausible

ten years ago, before we had convincing eviderce - e.g. from H'- R_ diagrams cf young
clusters - that the whole luminosity function is being formed "today", long after the
condeusation of the bulk of the galactic gas S-10x! ¢’ years agc, However, there is one
theoretical reason for *taking note of the acceretion mechanism, A good deal of current
wecrk on the dynamical consequences of the heating cf inmterstellar gas by O and Rsta.rs
does apparently demand that the stars be suddenly "switched on". It is, however, not
clear that a contracting proto - (O cr B star approaches the main sequence guickly enough
for its ultra-violet flux *o start in a time comparable with the dynamical time-scalec
demanjed - e.g. with the lo#years that Kahn and I-kenonbfind for the age of the Orion nerula;

whereas on the accretion model, the uvltra-vioist flux is available as soon as the zmall

Str8mgren sphere is forced to expand.
However, the estimate of the acereticr rate we have given is tie best possible ~ we
have ignored factors such as magne*ism and angular momentum that certainiy cause

4
difficuity. Ever so, as pointed out by Kahn, we cannc: ignore the dymamics of the cloud

RS

in wpick the star is embeddei. Bondi's forzuis {34} yieids the time

T IS
o

X

3

n ) Ql&c ™M

for the star to double its mass. XNow suppose the cioud is gravitationally bound, but
~— -2

5till fairly transparent, so that it is collapsing ir a time - G B g K ) ,?f

Then the accretion time-scale is less than that of gravitaiional collapse only if

T0es

i,
4 the
, i.e, if Misless ﬂa:‘)‘znass ir Bondis sphare; in whi:h case we are dealing with collapse of

the cloud unders its own gravitation - the mass of the star is merely a small perturbation.
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On the other hand, if the cloud is not gravitationally bound, but is expanding at the speed

of sound under its own pressure, then

A > - 2
’:‘S’G\Fe‘ck ~ ¢ >

R being the cloud radius. The condition that the accretion time be less than the
expansion time R /c reduces to
GM S R

——
c¥

approximately - i,e. the Bondi sphere embraces the whole cloud, which therefore cannot
contain more than a fraction of the stellar mass. Only if the cloud is prevented from
disrupting by an external pressure could accretion be significant,

()

(42)

There is one further possibility. Suppose the cloud is gravitationally bound and has

collapsed far enough for some small proto-stars to have formed, but it is now opaque

enough to be kept in approximate dynamical equilibrium by thermal pressure. Then although

further sub-condensation is prevented by pressure, the proto-stars may increase their
mass by accretion; as shown by Bondi, gas can flow into the local potential well due to
the star's gravitation field, even if the opacity is high enough to keep the flow
adisbatic. With ¥ = §[3 , tke parameter \  in Bondi's formula (34) is !4 -

If the cloud of mass YV and radius IR in equilibrium,

(43)

o (44)

the accretion rate is then

wr(gM) e a(gM) ~ L
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tre increase in the cloud density more than off-setting the increased sound speed,

For example, if the cloud of mass 106 O is kept in equilibrium by a temperature
of [0 °K - at a radius of about 1/2 parsec - the maxizum sccretion rate is two orders
of megnitude above the rate in a cloud at | 02°K and a density of / °3W\., /¢ wi,

It is therefore possidble that the formation of the massive stars in a cluster may

occur in two stages -gravitatioml instability followed by accretion, An expanding
association can arise if only a fraction of the cloud is able to condense into stars. If
enough O or 13 stars are formed - either directly or by accretion - to heat the
uncondensed gas up to ! o* I and so blow it avay, then the mass coandensed into

stars may not be able to stay bound, so that the whole association expands,
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2. Angu.laf Momentum and Magnetism - General Considerations

In Chapter 1 we discussed the circumstances tnat are most favourable for star formationm.
The problem was comparatively simple, in that the forces acting - pressure and gravity - are
essentially isotropic. Even if the perturbations have a rotational component, Hunter's
a.nalysislJl shows inat tne initial growth of tne rctotional part — due to conservation of
circulation under the mean flow - is slower thzn the growth of the irrotational part -
due to the selif-gravitation of the blob.

We now discuss in general terms the consequences of intrinsicalily non-isotropic
properties, angular momentum and a2 magnetic field. Here each is studied separately; in
Chaster 3 we consider their joinv effect and their mutual interaction. P
2.1l. Rotation - its overall effect. ‘

The most striking consequence of tne centrifugal field in a cloud thai conserves its

angular momemtum 1s its limitation of isotropic contraction., For consider a gravitationally
contracting sphere of mass M, radius R, and an angular velocity ) tuat must satisfy

Q R‘L — constant ( l)

Then in spherical polar coordinates ( 56,4’) based on the center and the rotation axis,
the ratio of the centrifugal force to the opposing component of gravity at ( R) 6 ) 47 )

is

wob e en a¥Ye b

(CM/RDsme \om ) R

which inevitably approaches unity as R decreases. 1If the sphere is non~uniform in density
but rotating unirormly, centrifugal balance for each sphere m,(r) is reached when

St 2
) 4w Y

-
<

_Q_l(RSine) Q_ier i (2)

"

P

o~
W
N—

vhere again E’( r ) is the mean density within Vv,
As an example consider a cloud taking part in the local rotation of the galaxy (r\. ID.'S./sec),
Then if p o~ 1 OzmH ~ | 52: &:/'51’6(’ r Z’do-—‘i s0 that if suchk a cloud is
3 gravitationally bound, its spherically symmetric contraction will be halted after its radius

3 has shrunk by about 1/500.
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The customary formulation of this result is as follows. The centrifugal parameter
QU f
r) = — KL —1:{
£G4

Bence in contracting fram €@ f' o g ¢ ~ | (a rough main sequence value),
. "] for a sphere increases by J0, 1£ the sphere vere to reach the main sequence, the
rotational speed at its equator would increase by the same factor. The radius of a blob
of mass @ at a dersity 5]3 x 1oH N Xl o"e-\,:) s0 that the initial
rotational speed 1s = ~Zx [OZ cm/sec; hence at the main sequence the blob would have
an equatorial speed at the surface approaching that of light, The reductio ad absurdua,
however, derives not frcm the words "speed of light,” but from the enormous cemtrifugal
forces that, as already seen, would not allow spherical contraction beyond a radius far
above a main sequence value,

As the component of gravity parallel to the axis of rotation is not reduced, the sphere
must begin to flatten, with thz gravitational energy released becamipg initially kinetic
enecgy of 2 -motion. The problem of the subsequent break-up of such a cloud is
postponed; here we note that the asymptotic structure of the rotating cloud again depends
-strongly on how much of the gravitational energy released is dissipated (and radiated away),
and how much is retained as the kinetic energy of sub-condensations.

If the Z -energy that is undissipated is small compared with the rotatory energy,
the cloud will approximate to a flattened spheroid or a disk. The most obvious application
of this case is to the disk-like galaxies., To study their overall structure, it is
‘convenient to idealise them as infinitely thin and axially symmetric., The siiplest case
is that with the mass per unit area given by

212
M= M| I~ (K)l] > £

~ s
vhere R is the radius ani \5 radial distance, m—:onsta.nt. It is vell know that
Such a disk is maintained in centrifugal equilibrium by a uniform rotation J2  whrre

2 "TQQMD ‘ (

S, =

2R

P et LR T T s DN G i P b et s ot 5
A * N

< ¢l (4)
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It is cl=ar thet the disk (5) arises if a uniformly rotating sphere of uniform density
is flattened, and distances in the plane are all changed by the same factor, with each
element of matter conserving its anguler momentum,

However, in addition there exists another equilibrium state, derivable from (5)
and ((,) 't‘a’y a non-uniform contraction, in which again each element conserves its angular
momentum. In the inner regions the transformation is

/(\¢

(5

€2
n

9\

A
v
<

I\,;) MoR (g)

constant

‘i

and rotation law

ICSl - @WS H'(}')'?‘ = GQMCQ)"Z:— con;stant,

Whereas in (&) the sravitational field depends critically on the mass outside the radius
c onsidered, the field in (@) is approximetely Keplerian: i.e., derivable by ignoring the
mass outside 3! >
remarkable that these two equilibrium states, one with solid tody rotation and one with a

nearly uniform rotational velocity, can both be "derived” from the primeval uniformly

and concentrating all the mass within \'k' at the center, It is

rotating, uniforr sphere, urnder the constraint of strict detailed comservation of angular
momentum, Bach disk appears to be stable against small perturbations tending to transform
it into the other &isk. Which state the primeval cloud approaches presumsbly depends on the
large-scele perturbations in the initial near-spherical state, The results are of 7
particular interest because of recent observations by the Burbidges and Prendergast.
They do in fact find that most of the disk-like galaxies divide sharply into two classes,
one with approximate sclid body rotation, and the other with approximate uriform rotational
-speed over a wide rarg: (e.g. our uwn galaxy and Andromeda).

However, besides the disk-like galaxies there are the ellipticals; these also presumably
have a net angular momentum, but the much greater mean z-dispersion cf their stars
inplies that more of the gas conlersed into stars before much z-energy dissipation occured.
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" Within our own galaxy, the only highly flattened system we know is the solar system: star

clusters may show scme ellipticity, but certainly not a diek-like structure. Thus at

" the same time as we attempt to build stars witnin a rotating cloud, we have to explain the

different uwltimate structure of systems all erndowed with a dynamically significant angular
momentun,
2.2, Sub-condensation in a rotating cloud.

Consider again the uniformiy rotating sphere flattening perallel to the axis, so
that its spin S stays constant, Imagine a spherical blob within it, of rrdius 7.,
separating out from the background, (Again we ask first the question "Can it condense?", and
later, "Will it?") Then if the background density has increased to _@ the ratio of the
centrifugal force of spin to the oppos..g component of the blob's gravity is

S - 3=
S 2 ()
(,(Eers)fr> 4f 43 /

i.e, it is again the parameter n of (4). Thus, as expected, when the overall centrifugal
force is able to hait isotropic contraction of the whole cloud ~ '):'l - 50 it also prevents
a sub-sphere from separating out. But once significant flattening has occured ( ! & ) )
then a sub-sphere massive enough to overcome its thermal pressure can begin to contract
isctropically. Thus suppose the sphere has collapsed uniformly parallel to the axis, so
that a cylindiical section of the sphere originally of length Q,L/ radius V¥ )density go
and mass ™ has become effectively a sphere of radius v and of density ? .

Since
4 = .3 (n
M :QHEJLY“L = 3 g\ﬁ > )
then

- ~ - .
R N (2 )

(factors of order unity are dropped in this rough treatment), If 50 is the density at

which centrifugal balance holds — N = | —— we have

< R
A U .y A L .
ne —— = 2= (L)~ L 2
i é:f Sg '!_'",‘,(:)fh ¢
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Thus the 7reater the flatiening the smaller is the centrifugal paremeter .')_ so that the
- sphere y—~ can contract correspondingly further before in its turn it feels the effect

of the increasing centrifugal force of spin.

But this softening of the effect of rotation is

achieved - in thig¢ "cylindrical" geometry - at the cost of a corresponding reduction in

the mass of the sphere.
to a main sequence radius Y, (for which @€ _ ~ |

momentum, but without centrifugal force becoming toc large. Then

rY A~ i~ o (ﬁ f’f)
(‘.,,;) - Z L) f g
80 that
| > NIeE 9—2“‘) | - (ﬁzi(
= L ==
( M M /e (8

oYy

>

| (_r_ 9/3(% ’IQ

where (13) an? (i) have been used. The mass of the sphere is

el (F) < A La[%)’/z‘

For example, suppose we require that the sphere is to contract
), still ~onserving its angular

L\ frE

Thus the larger we require Sm to be - or the greater the degree of contraction - then

the smaller is the alloved mass of the sphere.

As an extreme case, imagine all the mass of the galaxy spread over a uniformly rotating
primeval sphere, of a radius such that witl: the prescribed angular momentum, the sphere is
and the radius = 3xI19 = |D '(PC.

in centviiugal balance ; @ is then =1 o~

Then if (15) is to hold (with @, = |

. -6
parsecs (taking 10 kpc for [_ — an upper limit).

Then by (1)),

2

so that v <<

M < O/,

Thus even with the most extreme assumptions it is impossible to build in this way any

but very faint dwarf stars.

The situation is no better for present-day gas clouds. Any

body formed ir tnis way, and of mass substantially above ®'10, would itself flatten to a

disk before reaching the main sequence,

If the body has become opaque enough to build up

& strong thermal field, then it will probably become rotationally unstable and eject
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metter from the surface. Igaoring this, one can imugine a new hierarchy forming, in which
the smalles;blobs perform a sorgfepicyclic motion: they orbit around the mass -~ center of
8 disk-like structure, which itself orbits around the center of a larger disk- etc.

One is tempted to conclude that these results are again a reductio ad absuzrdum Of the :
assumptions. However, although we cannct build stars even of moderate mass in this way,
and so must explore different models, it does not follow that such cylindrical contraction, j
followed by spherical collapse, does not occur. We carnot assert that the gas in a
gravitationally bound cloud must either condense into stars (getting over, scmehow, the
g.ngu.lar momentun difficulties) or remain uncondensed., It is not inconceivable that when
the disk population formed, a substantial fraction of the gas broke up into masses of
planetary rather than stellar order. Such bodies would be observable only through their
integrated gravitational effect. The work of Oort and his collaborators has shown that
the estimated stellar and gaseous components in the solar neighbourhood do not exert
enough gravitational force to explain the observed distribution of K-giants above the
galactic plane - an extra 30 per cent is needed. Unless the proportion of molecular
hydrogen (undetectsble by 21 cm. measurements) is much greater than the atomic, then it
does seem that, at lpast near the sun, the luminosity function should be extended to
much lower masses. And although we shall try to see how stars can form in spite of the
angular momentum difficulty, one cannot be sure that the suggested processes always operate,
0 that we can ignore altogether the straightforward cylindrical collapse that leads to
the ultimate formation of small masses.

Suppose now that after our rotating sphere has flattened > & spherical blob is formed
by the agglomeration of the mass in a section of a torus of radiuvs v~ , and of mean N
distance R from the axis of rotation. If the ~
length of the segment ic Wolv vhere <AL 2K/f the i
mass of the sphere so formed is

M =@L.~>§o (mlr) = Qg lvrd =@

U 1L T

sab et

=
N

Again igaoring any shear, we have that the sphere will orbit with the local angular velocity PX 5
and also spin at the rate S0 vefore it begins to contract. The advantage of this geometry

is that much larger masses can form than by simple cylindrical collapse, without running

into centrifugal trouble during the approach to the main sequence., For at the main

sequence we have, instead of (i57),
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Again with @ |

G:)s ~ (nﬁ > (29

so that (4|,) is replaced by
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approximately, and

M < <3 (M) - (22)

Since in principle «.L could be as large as 2&/ r >x2L / - , there could appear

a large factor (L/ r‘)3 in (22). Thus masses of stellar order could condense even with
a substantial reduction in [ —we need not require that the whole height of the section
of a cyiindrical shell becomes part of just one spherical mass.

2.5, Dynamical problems in a rotating, non-magnetic cloud.

So far ve have merely looked at different geometries of condensation to see which could
yield a mass with low enough spin for substantial contraction to be possible., We now

ARy

return to the systematically flattening, uniformly rotating sphere, and discuss qualitatively
its possible instabilities.

As in the problem without rotation, one car treat simply the idealized case of an
infinite uniform medium of density 5 , Vith the additional conditI:‘l?on that the whole
medium 1¢tetes with uniform angulsr veloeity SL. ., Chandrasekhar solved the "Jeans"

e

H ) o~

problem for tris cace, using a frame of reference rotating with the medium., He showed that
except for waves travelling perpendicular to the axis, the Coriolis force does not affect
3 the Jeans criterion. In the exceptional case, the waves are stabilized if - /‘"’ 6¢ > I D
1r / Tﬁg (L ) the Jeans criterion is adequate, However, again one can
consider these results only as suggestive, confirming our earlier conclusions as to when

Ad R

rotation dves not positively impede initial local density growth; but as soon as we
depart from the raysically dubious infinite medium, we are forced to admit that the
cloud is itself collapsing parallel to the uaxis,
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The probliewx 1s in one respect simpler thar the spherical case; for given a finite
pressure P (either thermal, turbulent or magnetic), the collapse towards an infinitely
thin disk is halted at a firite <hickpesz, I ‘1l> = c% Sf) vhe equilibrium semi-

thickness is cpproxdimately 3‘),10

- g "‘Iii
e

2G5 |

= just the order of the Jeans length., Hence provided the cloud dissipates enougn z-energy
wrile staying uncondensed, we can defire = steady state - the rotating disk - to which

NI

ordinary stability analysis can be applied., Ve begin by discussiigthis case,
Chandrasekhar's analysis is not valid here, since the scale of veriation in the
Z -direction. so ier from being large compared with the wavelengths considered,is of the
- seme order as the Jeans length, However, one can see at once that in the flattened state

%S is related to a perturbation velocity v by the equation of continuity

¥ = =
z T

~{
Here 71 is the time of the instebility, which is at least ({4 ) ; the scale of

W AT I e TR T e = AR
e E R R ~

(23)

Coriolis fore- is small compared with the perturbations in gravity. A density perturbation

(24)

variation of the unstasle modes is at least 7 2 the Jeans length). Thus the desired

ratio is

L D =2k
Cg/"

NI
-
D

(g ¢

In the origire} sphericzl state tnis ratio iIs of order unity; subseguent collapse parallel
to the rotation axis increases f without changing ;1, In fact for the disk approxi-
mation to be valid )'i is much less than the cloud radius IQ: hence
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where M is the cioud mass. Thus provided the spherical cloud is well past the sta_ge
at vhich thermal pressure is important before it begins to fiatten, we can be sure that the
ratio (45) is small.

Ledomg rim.s treated the gravitational instability of such a flattened system, ignoring
Coriolis force; he confirms that wavclengths equal to a slightly modified Jeans lepgth
are marginally unstable, The break-up of a8 dsk into rings of scale rather larger than
the thickness has also been discu_ssed%' What does sevem lacking is a treatment of azimaith-
dependent perturbations, <C e‘n‘(t’ (m integral), of scale yA greater than the
Jeans length, The following rough treatment suggests that the €-folding time increases
with £ at least for torus sections of radius ~%. The gravitational acceleration along

)
such a torus section is approximately

Qsz' N
> e T

, &Y

2

vielding

(£ es) ™ (26)

Thus provided e is sufficiently above 2 for the pressure to be negligible, the collapse

time increases witn { :tnere should be a length of tne order ofithough sorewhat larger,
that yields minimum €-foldirg time. It is tiacrefore unlikely th=t i.ne torus condensation,
discussed in 2.2, will occur simply vy gravitational instaovility: rather one expects
approximately spherical blobs to separate out aud vegin to comtract. Sulsequent collisions

A ITAT A I Lo RN Db s AN A M AT 11 B b B Ao R A L R A T R Y s am FALIL D 8o 12 P A 4 X206 A0 2D Mns Fa Wit 25 0 RN BN 2A 1T R 3 2oy et Lo s ssitsy b ks | 8832

vetween such blobs, due to perturbations in treir orbital velocities, could conceivably

lead to aggldomeration and tne vpuild-up of larger masses without mucn spin augular

S0 Mottt

momentum. But 1f tee disk is very tuir - low temperaturse - so tovav -Sl{ / m f) S‘ << I —

Y]

Tue sphericzal bidoc cau acquire a very small cross-sectiou before tneir spin inverferes

O

with their colitapse, so thet the cnance of mutual collis.ous is much reduced.
It should be noted wnat non-uniform rotation introduces considerable matnematvicel

difficulties, as it is impossible to remove the zero-order motion from the problem bty chLoice

of a rotating frame. Physically, the difficulty is again due to the effect of the mean
gravitational field on the perturbation - it tends to enforce the zero-order shear, and so
off-set the effect of the blobs' self-gravitation. However, it is not difficult to
imagine types of motion that will nullify the shear. Thus consider two circles, distaunt
'L\C‘ and :};_from the center, with angular velocities Q\ and Sl'_gisplaced t0 new radii
- 27 -
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Wy and stthen under conservation of angular momentum, the new angular velocities

Sz:and .v.lare equal if

;
B ) (2 (21
(‘5 | Sy, S,
Iz ‘S\q_ > CO\. ) :)21‘31, z must exceed :7—. :";L for the unperturbed disk to be
stable against turbulence (Rayleigh's criterion). Hence io\g’ 7 g ) —1.e. one can
achieve a uniformly rotating ring without forcing the particles to pass through each other.
Ir  SL, <., (the usual case) the circlsmove towards each other, increasing the
density. In the wiiforrly rotating ring so formed; one expects instabilities similar to
trose in the uniformly rotating disk.,

We now return to the more difficult prcolem of tre instabilities within the rotating
cloud as it collepses towards the disk-like state. This is the anslogue of Hunter's
problem for the non-rotating cloud: the prnblem of the growth of perturbations against
the background demsity that is itself growing at the {ree-fall rate. As yet no rigorous
treatment of tnis problem hac appeared; but by amalogy with Hunter's resultsz one can
argue as foliows. Waves witlh comporents parzllel tc the axis are in any case unimpeded
by rotation; one expects that right from the start suchk perturbations of scale greater *aan
the Jeans length will amplify steadily agairst the background; though again if the density
fluctuations are small, the cloud as a whole will have approached a disk before a really
striking coxrugation in the Z~dircction is achieved. Further, once the centrifigzal
paraneter Slz' / ' 9 { has decreased to well below unity, waves of length greater .
than )\j— propégating zcross the arxis will also amplify., In fact, cnce ;—LZ'TFSE /~<“ l)
the conditions for a spherical blob to amplify against the background are in one way more
favourable than in the problem without rotation; for the gravitaticnel acceleration in
the Z -direction of the whole clotd is proportional tc gz ) wrich is constant, whereas
in spherical collapse #iis acceleration increases. As against this, we have that even if

f = {0 £~ -8 flattening by a factor 10 - a spherical blch cannot coniract
isotropically by more tha:. about 1/3 before in its turn it is compelieu 1o fiatten through
Inereasing spin. Though guantitative estimatec are difficult, it seems probable that
collisions between such blobs would destroy much of thez -erergy released in the original
collapse, TPerhaps also collisions between blicks orkiting im the same ring may lead to
agglomeratior into a larger mass with essentially the same spin., Ail in s13, one feels
tktat a fairly uniform sphere collapsing paraliel to the axis will tend tc form uwltimately
& diskelike system, with s:zzll Z -motions. If this treatment ignoring magretic forces
altogether is relevant, then for objects of high 2-energy to separate out - e.g. the
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globular clusters in a disk-iike galaxy - it appears that the initial sphere should have

at the start strong density fluctuations, so that one does not have to wait for the

2
9
3
3
%
¥
3

system as a whole to flatten before any sub-condensation can form., In this way it may be
possible for blobs of small eaough cross section to form, so that the dissipation of
energy in collisions is much reduced.

However, except for tne possibility of torus condensation, which qualitatively does
not seem very plausible, we are still without a process which gets over the "angular
momentum problem,” and a2llows stars to condense to the main sequence. We now must emphasize
that if we relax the very severe ccnstraint t.at a comtracting sphere conserves ail of its
N sngular momentum, the problem is much simplified. F.r example, suppose that some mechanism

-s _
keeps the spin oi a contracting globule at about 10 “sec 'until it reaches the radius j

after which it comserves its angular momentum until the main sequence is reached, If the
i ’ globule has a mass x C tuen r ! need be no lower than & x 1o b m ( €~ | O-lg//)
' for the cemtrifugal force at the main sequence still to he less than gravity. Alternatively,
suppose the sphere formad as in 2.1 by collapse of the cylinder of neight 2 /. contractis
only to, say, 100 times its umain sequence radius, after which angular momentum is systematically
- removed, and rapidiy esacuch %0 keep the star stable, Then r/( must be less taan /o G / Al )
and with | = 3a 4
Zhese figures 1llastirate z:z‘aw ir principle one can get over the problem as to how a star

“4 ¢he upper limit on the mass is incressed to - €% G

can form at ai.; the nmor - =ubtle guestion of the sharp drop at type F in =ain secguence
rotation is for the moment ignored.

A pwely hydrodynanic mechanism, suca as that proposed by von lelzsicxer, by waich
3 turbulent friction transifers angalasr nomentun to a dissipaning envelope, runs into

= guantitative diffisulzies [guite apert Jrom the problex of meintaining turbulerce in an
envelicpe with a Kepieriar rototion Zf.za.w)f2i A nmore promising rechanism 1s nmagnhevic breking

o fieid lires emanating Troa a cortracting vliob inmto the survounding medi.n: tend to ecualize

3

the anguler velocities of the blob and the medium. However, velfore studying this, one

A

s ,3,:-4,;

mast firsl consider the overall effects of a magnetic fieid. And even if the magnetic

field should turn out always t0 be an essentiel part of any actusl process, it is necessary,
if only lor comparison, to try and get clear the dynamics of the evolution of the non-

2 magnetic, rotating cioud.

3 It may be argued that the discussion we have given of the problex is adequate for a
Tlattened disk, in which amy turbulent velocities must be smali compared with the circulatory)
or to a collapsing cloud with only a wezk turbulert field., If the turbulent pressure is

E strong enough tc hold the cloud up temporarily, then the turbulent velocities must be

~.’ comparetie with the circulatory. With a st rong vorticity Tield superimposed on the large-

scale rotation, & blob cf matter could find itself by chance with an abnormally low spin;

if the blet is also massive enough it cen collapse and form wltimetely a main-sequence

star, without runring into centrifugal trouble or -he wey.
- 29 -
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A difficulty here is that 1f the cloud is cool enough for small blobs to be able to
collapse gravitationally, and yet with turbulent velocities comparable with the circu-
latory ( and hence also the free-fall) velocity, then the turbulence must be highly
supersonic, One's first guess is that its energy would be rapidly dissipated in shocks
and lost, unless there is a source of energy - €.g8. & hgg star - that continually stirs
up the gas, A different view has been t=ged by McCrea, who pictures the cloud as a
collection of "floccules" - small unbound blobs in random supersonic motion, A gravita-
tionally bound nass within the clcud forms ultimately by collisions between those
floccules which lLnpren to be moving through the same small volume of space, so that the
body built in this way nececsarily nas lov £pin, buat high orbital angular momentun about the
mags-center of the ~loud., The tasic kirematic idea, that a spherical star need not form
from matter which 1as part of a spbzre in the original cloud, is similar o the ¢ylindrical
and torus condensations already discussed.

McCrea's model is of great interest, and one hopes for further studies of its gas
dynamics, It ic certainly true that the rotating, strongly-flattened disk 1s the wrong
model for the origin of star clusters, which through they undoubtedly have angular momentun,
also have strong 2. -motion within the cluster (not to be confused with the Z2-motion of
the whole cluster relative to the galactic plane). Presumably the ultimate test of
any theory of star formation must be the luminosity function it predicts, Just as for
incecmpressible turbulence we make -tatistical hypo.neces whose conseguences are tested
experimentaily, so it coulu be that by working backwards we :ould get some ideas on the
properties of the supersonic turbulence that "decayed" into a star cluster, Hovever,
with the galactic magnetic field well attested, one feels that one must consider its role
in the problem,especially in view of the well-known magnetic interference with eddying
motion, and its interaction with large-acale rotation.

2.4 Gravitationa! collapse and fragmentation of a magnetic cloud,

Consider now a non-ro*tating cloud with a strong large-scale magnetic field ﬂ )
"frozen in": tne possible uncoupling of the field and matter will be taken up later. The
overall dynamical effect of the field is contained in the Chandrasekhar-Fermi extensio'?'of
the virial theorem (¢ Q@))

A ALI - 2 u(kinetic erorcy) + S+ T\rl/ L B (T'\ + Pb“‘) CLSK) (30)

2 A [L
S
where l‘,_k 1s the magnetic part of the Maxwell stress tensor, and , 1 Z'/' is

the tctal magnelic energy within the volume bounded by S, Thus the internal magnetic
- 30 -
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energy has an essentielly disruptive effect =~ the isotropic magnetic pres:ure

HJ/ XM more than compensating for the unidirectional temsion H™ / 47  along the field
lines. If the field outside the cloud is strong, then the surface siresses T:k help

the thermal pressure P to stop the disruption, or accelerate the collapse of the cloud ——
'magnetic pinching”. However, once the cloud has contracted out of the background, con-
serving its magnetic flux, then we can again ignore all the surface terms. We shall there-
fore discuss the effect of the field on gravitational collapse by ccmparing the magnetic

energy | T L with the gravitational SL. . L ’
As an example, consider a spherical cloud of mass M and radius R with ID-
gauss associated with a density L1 ~ 10 m H = Sz < G - / cm3

a rather lower estimate than some workers favour for the galactic field. Then gravitation ;
can overcome magnetic resistance if :

. GM° BTN ) = L (31)
.—\Sl - ? -Ti /( ( C )

the factor3 /f corresponding to a uniform demsity. With (= I‘-‘\‘g K‘;/ 3 5 we £ind
as 8 lovwer limit to the mass that can be gravitationally bound:

M He () - 10> (32)
« = gl Liag) = |

The thermal energy at @ >~ [C "l N increases this vajiue by a factor of order
unity. its exact value depending on the density of the sphere.

A spherical cloud of sufficient mass will begin to countract. As in the non-magnetic
case, we must asl: wnether contraction goes cn indefinitely, and if SO, whether isotropically,
and finall;,> if and when fragmentation occurs. The contraction is determined by the forces
acting., and in particular by tue geometry of the gravitational field, itself a consequence
of previous contraction. To begin, we ignore tne dyremical causes of collepse,but discuss
the dynamical consequences of different geometries of contraction. The flux of the
field being conse-ved, we have

t—'lR.g = constant, (33

.
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R being now the radius of the equator defined by the direction of the field.
(a) Under strictly isotropic collapse,tne radius along the field is again R) so that

= 5 5
and by ( 33)
: 2/3
Ho< £
Hence .
L MTRT o L

o= T R D

and

- S

(!
-
A
2

Thus if —SL ) V1L initially, so that collapse can start, then the assumption of
indefinite isotropic collapse does not lead to any immediate conflict witn the virial
theorem) since 7‘7‘1 and —;S)_ increase proportionately. vg:i saould pe contrasted
with the effect of a centrifugal comtribution to kinetic energ)}ln a8 cloud conserving its
angular momentum increases like ! / K * 5 and so must ultimately halt isotropic
coliapse, as already noted in 2.1. Purther, if the collapse is isothermal, the thermal
energyv stuys constant and so vecomes steadily a smaller fraction of the magnetic energy.
Thus the minimum spherical mass that is gravitavionally bound decreesses towards the value
(3.) computed for zero thermal energy. However, isotropic change of scale cannot reduce
the mass below this vﬂalue> so that fragmentation is never possiple, wnatever tae degree

of spuerical collapse.

(p) Cylindrical contractiou - the cloud coutracts across the field put not along it. Tnen
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‘The lateral maguetic force deusity becomes of order

2

H < L . (31)
S O
R R
tne lateral gravitatioual force density g( s l 15 0y Gauss's tneorem

[0

‘ra) P
= 165‘"2 < 7;{3‘ (1,.0)

zer

Tnus the increasing magnetic force stabilises tne cylinder against indefinite collapse

_ onto its axis. This is the property used by Chandrasekhar and Fez.ai in their model of a

galactic spiral a.nﬁ. Since the magnetic force is increased more rapidly than the gravita-
tiopal, it is clear that fragmentation will not be assisted by this type of contraction.
(c) Flow down the field towards a flattened distribution is unimpeded by the field. If
£ and K'are the initial density and radius of the spherical cloud, then in the flattened
state the density :g and sen-thickness 2, satisfy

- _ %
82 - gnf\D) U‘H)

while H stays equal to its initial wvalue H 0

Suppose now that the initially spherical cloud has a mass just above the critical
value MC (22.). . In neither the original nor in a mcre compressed spherical state could
a smaller mass - say@ - separate out., In the roughly uniform massive cloud, the
disruptive magnetic pressure of vhe field within a small spherical blob is balanced by
the compressive effect of the external field—as measured by the surface term in (3p). Should
such a blob "try" to collapse spherically, the increasing internal megnetic force will no longer
be talanced by the external pressure, so that collapse cannot proceed.

However, the situation is radically altered by longitudinal collapse, in which the
density gves up but the field stays constant. For the condition that a sphere of ra.diusi -
the semi-thickness - should be gravitationally bound against magnetic disruption is by (3 |)

3 e U Lyt

vhere we note it is still H‘ that appears on the right. But by (4)), this condition is
identical with

- 35 -
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which is the condition,presumed satisfied, that the whole gpherical cloud should be
gravitationally bound. Hence after this longitudinal collapse, a much smaller spherical

(4 = R ) E—-b)"

;aass

can be gravitationally bound. Provided the collapse is not halted by thermal pressure, a ratio

2[R, 1/30 #ill enable spheres of stellar order to form.

It should be noted that for a spherical blob to separate out, the mass of the cloud that

collapses into a disk must itself be above the critical value M ¢ (32) (for apescribed
go and }Lo ). Thus suppose the cloud is just above Mc) but that only a fraction
n Z< | of the mass collapses along the field imto a disk, so that (i) is replaced by

e2= nlek) .

Then a spherical blob of radius 2 will not be bound — a factor 'rf“ will appear on the left
hand of (fz). The same factor V]L appears if one tries to make a sphere by collecting
the matter in a sub-disk.

So far we have assumed that the cloud is initially a gravitationally bound sphere: we
deduced the lower limit (32) to its mass, and then enquired how tnis is afrected by
different geometries of contraction. However, if the cloud has collapsed parallel to the
field into a highly flattened structure, this lower limit is substantially reduced.
Suppose the whole cloud appro:dmatss to a spheroid of radius R B height 2: y, density

[4 and mass M. Its volume is ‘% R*S and its total magnetic energy is
L

L ¥ P S 252
!” 9&TY’3K1—JEHRL.

At a point witnin the disk, distant \ from the axis, the radial gravitational field is { ¢4. (L) )

:‘l'lgg’x'a/ R; hence this compoment contributes to the gravitational enevgy (19) the
amount

K P I —_— - w M
e (" SS )L"'%“’“ - . (47)

0o
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(The contribution of theZ -component is smaller by a factor ;.'/ R and is therefore
dropped). Hence such a disk-like object exerts enough gravitation to overcome its
magnetic pressure if

: ‘ S,,/Lnre > = ;fg) )

Written in this way, this condition relates the upper limit to the axial ratio 3 /&
(assumed small in the computation) to the ratio K of the gravitational and magnetic
energies of the cloud if it were spherical rather than disk-like. This quantity K is a
constant parameter for the cloud - as aiready seen, it does not vary with R(prévid.ed the
field is frozem in). If the cloud flat ens indefinitely it can simultaneously shrink in
radius R provided it retains its disk-like geometry, with __ & /R~ ST /I
With the cloud temperature finite, thermal pressure will ultimately halt the flattening
at Z given by (23)

%
g .

SRR & AN

274 gil ~ cZ. (43)

one
Still assuming the cloud stays as,\structure, we find for the equilibrium radius - when

both sides of (4§) bvalance —

~ Q’E—)[Z‘g K, (so)
- /L 32

or

\g’l\:— ~ 142 (&’l)

VT boer

vhere the suffix S implies that the quantities are computed for a sphere of radius R .

As an example, consider a cloud of solar mass, which has flattened isothermaliy to this
equilibrium state. Even if it is dense enough for thermal pressure (at lOOOK) to be negligible,
such a mass could not be gravitatiomlly bound as a sphere, if its magnetic field has tne
"frozen-in" strength, (_o( 32. 3 ) associated with our standard values M, =I¢ }f"oh‘a
In the bound Plattened state, however, ve have R = Cxld‘f T =S¥ ‘3\3

and g > IO‘”. No doubt before such high densities could be reached, the
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increased opacity would tend to trap the heat of compression, so that the temperature
would rise above its original values of 10% °K ana siow up the contraction,

Further, the continued fiattening of the cloud makes fragmentation possible: meaning not
that spherical blobs can form, but that from the disk, sub-disks could form, each with
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third. The point is that the magnetic field becomes a systematically smaller impediment,
: the greater the flattening parallel to the field; and the thermal pressure can always
3 be balanced by an increase in the density, brought about by an adeqmte collapse across the
: field. For suppose we prescribe the mass M that we wish to be gravitatiopally bound:
(remembering that by hypothesis we are dealing with a cloud that does not have enough mess
for any spherical blob to be bound, however much the cloud as a whole collapses along
the field). Then by (32) and (4€)

T - TR &

E © magnetic pressure balancing gravity in two dimensiops, and thermal pressure in the
K&
5

P ey

PRI

m

8 i 4L

{

1M - SERE/2 , @ v

/
z =2 < /M (s3)
ﬁ-& 3 6 Mc ﬁ c]?
30 that
457 (G M, M)
R = =2\=/ A./ > (S4 )
and

_
s ()R (59

Again, the rise in opacity would probably slow up the contraction of a smail mass teC

its equilibrium state; but given an equilibrium temperature determined by balance between
radiative absorptior and emission— e.g. { 0% °K —— then the equations (S’#) and
(5%) fix the disk-like equiiibrium. By forcing the mass to take up a disk-like structure,
tne: magnetic field also ensures that the blob can reach mechanical equilibrium without
having to acquire a high internal temperature - it never becomes anything like a star
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2.5 The dynamics of the collapse.

Suppose the cloud is spherical, and of a macs well above the critical mass. The
essentially non-isotropic magnetic resistance is small, so that the spherical gravitational
field keeps the cloud spherical during its collapse. However, if the mass is only slightly
above M ¢ there will be a substantial dilution of the gravitational pull across the
field, and a consequent preferential flow down the field. The increase in the field
strength will therefore be less rapid than the 5’13 law valid for isotropic collapse;
and at first one expects that because the increase in the lateral gravitationmal pull is so
much greater than the increase in the magnetic resistance, then nearly isotropic collapse
will follow. However, the new (oblate) structure of the cloud yields a non-spherical
gravitational field that acts preferentially down the field, For example, in a uniform
oblate spheroid of eccemtricity V'3 /2 , corresponding to an axis ratio of 2 , the relative
acceleration towards the center of points on the axis is about 2.24 times as large as that
of points on the equator!{ As e—=>1 (strong flattening) this ratio behaves like

3 / (1 -e:‘)',t. Thus once the cloud has acquired a moderately oblate structure - whether
or not due to an internal magnetic field - the gravitational field itself increases the
flattening still further. Only when the cloud is opeque enough for its (essentially isotropic)
thermal pressure to be comparable with gravity would the mass distribution (and hence the
gravitational field) tend to reverfas close as possible to isotropy.

If the sphere is below the critical mass, it cannot stay spherical and bound. The
magnetic force acting laterally tends *+r 3isrupt the cloud against the resistance of the

TN PR R T R A TRV 7T R A AP € £ 0 R

3 wveaker gravitational pull; but down the field the gravitational pull is unresisted

= (temperature being Jovw). Vithout more detailed work one cannot say which effect wins -
3 whetper the cloud disrupts, or collapses into a gravitationally bound disk described by
(52). Preferential external compression would assist collapse into a disk.

As always, there will be present a field of demsity fluctuatibns of all wavelengths up
t0 the cloud radius; again we phrase the fragmentation problem: "Wnich fluctuations are
amplified against the increasing vackaround dcmsity?” The Jeans proolem in a uniform
medium at rest, pervaded oy a uniform field '_P_I nas oeen solved oy Chandrasekhar and

:
%’
2
3
H
A
Jé
:
2!
3
;
K
i
3
E
3
»
:‘{
E
£
Kl
4
£
=
¥
K
g
E
3
E
<
3
3
3
:
g
2
|
2
"a:
3
k
kS
g
:
E
3
!
Ed
A
i
E
3
g
g
2
i

"3 Fermi. They find that the Jeans criterion is again unaltered except for waves travelling i
' strictly across (li . In tae exceptional case, tue critical length )‘H is related to j
3 the Jeans length by H 2
& 2 K
3 )\1 = '\T R Sy v (5(’) :
j Again, we look upon toese results as indicative of what we expect to result when tne analogue §
‘ of Hunter's analysis is worked out: 1i.e., Ve expect that sufficiently strong density 3
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fluctuations of scale well above the minima allowed by the Jeans-type analysis (or the
virial theorem), will grow more rapidly than the background density. (However, it must
be remembered that the result (§|) depends on the medium being slowly varying in demsity
in the direction of ﬁ . The problem could be redope in a flattened medium, or more
simply, the virial theorem used to estimate the mass and structure of the sub-condensations
to be expected).

For example, consider s spherical cloud (mon-rotsting) with a mass several times Me,
collapsing spherically under its essentially undiluted gravitational field., We expect
it to fragment into sub-masses, each of the same order as Mc though necessarily somewhat
larger. R 1is this imprecision in the value of the mass of the fragments that prevent one from
asserting definitely that the fragment will be markedly oblate, because of the presence of
a magnetic erergy comparable with the gravitational. Eowever, if they are oblate, then
they will flaiten still further; following the same line of argument, we should expect
smaller masses - given roughly by (b4} - to sepa)tate out, These small blobs will also
have a magnetic energy comparable with their gravitational energy.

However,.since the field does not interfere with flow parallel to itself ve may
expect to form, within each gravitatimally bound blob, high density layers across the
field, of thickness of the order of the instantaneous Jeans length., This loctfl increase
of density, without a corresponding increase in ‘I—_l_ ; yields a local gravitational field
that is able to dGistort the local magnefic field: in fact we arrived at a sub-structure
as described by our equations(f)) and (s§). What one cannct derive are spherical,
gravitationally bound blobs of low mass: W2 have already noted that bound spheres of
systematically lower mass can arise only if the whole cylindrical height of a cloud of
mass > MC. collapses towards a disk., Presumably, once the sub-sphere as a vhole
becames dense and therefore opaque enough for its temperature to rise, so that it becomes |
effectively a proto-star, then such stratificatim would be smoothed out.

A proper dynamical theory should again predict the energy of the ultimate sub-conden-
sations. However, in view of the wholly improper neglect of angular momentum, it is
hardly worth pursuing this topic here, We have gained enough from studying magnetism
and rotation acting alone to attempt to consider their joint effect.

The ultimate fate of a cloud that has too little mass to be bound as a sphere, dut
has become a bound magnetic disk, is an interesting problem. We have seen that any
Lragmentation will be into sub-disks, which will never shine as stars. The effects of possiole
Raleigh-Taylor instaoility need to oe explored; but again any realistic studies must take
account of rotation. '
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2.6 The coupling between gas and magnetic field.

So far we have assumed without question the "freezing of the field" into the moving
gas. This i3 a well-known kinematic ccnsequence of the equation of electromagnetic
inductiovn

ViE - "L?}i (s7)

S5 b

and the form of "Ohm's law" for a simple moving conductor

-

J
~ e o
21

in the limit as the conductivity ¢ —> 0.

In a fully ionised gas (plasma) the analogue of Ohm's law is similar to (S§),
except for extra terms on the right (Che Hall and electron pressure tergg)rheir effect ir
usually (though not always) small in cosmical applications. Further,the length-scales
of cosmical problems are so large that the current density J required by Ampére's law

ey )

to maintain fields of given strength are very much smaller than the corresponding terrestrial
currents maintaining smallescale fields. Thus because of the moderately high conductivity,
the Onmic term I .'J__ /4" l is usually much smaller than the "dynamo" term lx,\'}_‘! /c l
even for slow velocity fields (such as circulation speeds inside stars): the "magnetic
Reynolds number” is high, and the infinite conductivity approximation valid. Only in
singular regions will the Ohmic term dominate: for exanple, in the neighbourhood of O-type
neutral poinmts, where there is slow but inevitable distruwiion of the magnetic flux
(Cowling's theor,ém) ; or vhen oppositely directed field lines become arbitrarily close, so
that they diffuse and annihilate each other.
However, the gas in our problem is in general only partially ionised. In a standard

H T_ cloud there is ore metallic ion present to about lO"’ neutral bhydrogen atoms. In
the hypothetical primeval galactic medium of nearly pure atomic (i.e. non-molecular) hydrogen,
the cloud is kept at near 1o ko K by a balance between compressional heating, and

-39

AU AN VR G B 4 A NI S BE3 0 i ante SISO T e

AN RS A e SR ARETAYRY

OTAN

h&m AR AL AR L, SR LA AT 23 bk AL HANRIA £ 18 BN M b 2




ORI S Y I IR T AR

JATISY LTITN

Vi

R b o e R TS s S 0N

Adsg1 p g A SOr

"2 S SR NN 2R b e P L e S W™ AR
SO OSSN e s

loss by collisional ionisation and radiative recombination. However, even here it is unlikely
that the cloud will be ever approximately fully ionized (though there will be a far higher
fraction of ions than in an H I cloud). Hence the equations valid in a plasma cannot
strictly be appiied to either case, and it is not immediately clear that the freezing of
the field is a good apprroximation.

In fact, in a lightly ionised gas the drift of the magnetic field through the matter
is fa: more rapid than in a& plasma,unlecs the field strength is very lov%s"l‘he freezing of
the field into the plasma component of the gas remains an excellent approximation in
most cosmical problems. But tbe magnetic force acts directly only or the plasma, and
makes it diffuse through the neutral gas; quasi-equilibrium is reached when the magnetic
force is balanced by the plasma-neutral triction acting on this drift velocity. Approximately

I Y (¥ ) = 0, (o)
C

where !... and V. are bulk velocities of the neutral hydrogen and the plasma, V¥1{ is the
Plasma Gensity, and the coupling constant h/ is such that the mean frictional drag on ap
ion is

Fin = \((‘i“ ) = Mn Tin Q"")@m" (,‘ih",’:')- (b

Collisiong
Here 1., is neutral nydrogen density, ¢ the cross-section for :‘.on-hydrogen‘, and ¥h,,

the mags of the hydrogen atom.. Thus given HH and N and the temperature of the cloud we
can compute from ((p) the rate at which the magnetic force drives the plasma through the neutral

gas. -Since the equation of moticn of the electrons (or the ions) reduces to

E . \_{:AE = Crall (:frmc) U,L)

thet
we have, ((o) yields simultaneously the drift of the lines of h through the cloud as
a whole - in general a much larger contribution than the slow diffveion due to the Ohmic
field., An exception is the case of the force-free field, in which J‘ is paraliel to
t ; such a field is irrelevant to most of our problems, -
- Equivalently, the rate of dissipstion of magnetic energy is far higher than in a

plasma. Fror (L2), we have approximately
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On the left we have the rate at which the electromagnetic forces do work ¢n the charged
particles: if positive it represents a net loss of magnetic energy; if negative, a storing
of magnetic energy. Since V,, is effectively the bulk velocity of the gas as a whole
r~

(the plasma component being slight), the second term on the iight is the rate a® which the
magnetic body force does work on the gas., The other term $s by (§o)

T B s

E
;
£
B
3
B

C

where ;!,_L is the component of current across H This term is the rate of dissipation of
energy by friction: for currents J J) it can be regarded as due to an anomalous
resistivity that is o< HZ[n;.

In the problem of a gravitationally collapsing magnetic cloud, the velocity ’Yy is
essentially the free-fall velocity, diluted a 1little by the magnetic resistance (transferred
via the plasma-neutral friction). if Jvi— ¥nl| <<€ |¥n] | then the plasma-pius-
field effectively moves with the neutral gas; even though the producticn of heat ((;[f)
is far greater than in a plasma, it is small compared with the rate — ( e/ '—'/C )‘ V,!_"
at which the gravitationally driven flow VH pumps energy into the magnetic field, On
the other hand, if |Vi-vpl V) puml ) the essentially disruptive magnetic force
2 drives the plasma out, and by inductive counling the field moves out with it, A new
) quasi-equilibrium state will be reached, in which the magnetic fieid lines have much less
curvature, and so exert a much weaker force, balanced by the frictional force due to neutral
gas falling across the field.

Whether this uncoupling between matter and field occurs depends on the strength of the
frictional pa.ra.meter (n1Y ) - te, £or a glven density, essemtially cn (V\x. / N )

Taking 107" zor 9in , Mestel and Spit"er found that a "rormal® value of /67 for
ni/rn inan M L cloud is too large by about (OO for the drift of plasma

to approach the free-fall speed., But in a dense aust cloud the plasma density may drop
rapidly - mainly by attachment to dust grains - to a smali fraction of its normal value, if
the galactic iorizing radiation #s exz%inguished at the cloud surface by the dust., However,
the recent calculations by Osterbrock yield a velue = H_"' for @M .> while coemic
ray ionization tends to keep "I{ frow falling. It szems therefore uncertain whether or
not substantial loss of magnetic flux by the cloud can oceur during its gravitational
eQllapse. If it does, the star formation problem reduces to the fragmentation problem,
with or without angular momentum, but witk no primeveal nmagnetic field of any strength to
impede sub-condensation. Whether the field could subsequently assist in removing angular
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. momentum from a proto-star depends partly on the stage at which coupling between field and
! matter is re-establisked.
Both this prccess, and tne preferential flow already discussed, lead to an increase in

§ , vithout the increase in H (o(.. !1/3) assoclated with spherical collapse of
a frozen-in field (the result that kept the minimum mass above Mg (2:32)) .
However, whereas sufficient loss of magnetic flux results in the magnetic f£ield becoming a
small perturtation, with preferential flow the frozen-in magnetic field still plays au
important role in the fragmentation prcblem; for if the temperature stays low, the field
determines the lower iimit to the mass that can separate out at any epoch (¢f 2.5 ). Thus
the blobs that form all have substantial magnetic energies , comparable with their gravita-
tional energies. It is possible that during the contrac:ion to the msin sequence, internai
convective turbulence may succeed in destroying most of this magnetic energy; but even
if the star conserves its primeval field, it doec not mean that we have a contradiction with
the cobserved fact that most stars have weak external rields. An inexoruble internal
meridian circulation, driven e.g. by centrifugal force, will tend to keep the star's general
field beneatl the surface’?' An initial external part would ultimately be detached froam the
3 internal field »y Ohmic diffusion, and would be Llown away by the stellar wind, It is
significant that we have evidence - from the pclar plumes - of a general solar field only
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in regions where we have no evidence of even moderate circulation speeds; whereas
In Cthe Sungpel  zames, suh—phobospheric cirewlation g -
Probea b} N rapid enough to prevent the appearance above the surface of even a vea.k
‘ external general field. To sum up: it mRy very well be that in order that Type I stars :
can form at all, we may have to app=al to preferemtial flow down the field lines, rather :
) than tine Mestel-Spitzer process of flux-loss; but we do not have the impossible task of
l' ; building a star by flow down the field lines, such that the internal field has the low value
i
i
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indicated by the observed solar exterpal field.

Relative drift of plasma and reutral gas may be important in otherk:roblems. The
flattened magnetic disks of 2. 4. could revert to a spherical structure if there were a
systematic loss of flux in a reasonable timejas they carnot conmtract further across the
field, there is no question of the loss of flux having to occur within the free-fall time,
However, the high densities in the flattened state - which is approached in the free-fall
E | time - probably prevent any substantial drift even in S*/0? years. We shall find that in
‘ : eccentric regions - e.g. p)'pched zones - drift may become large evez?hough it is negligible
over the bulk of the cloud.
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Finally, we note that even if Type I stars do form from clouds wnich have loet most

of their magnetic flux by the Mestel-Spitzer process, it is clear that clouds of pure
atomic hydrogen - postulated for the matter from which the oldest Type II  stars formed -
cannot lose their flux in this way. In H_T_ clouds the processes by which the temperature
is kept low -~ molecular excitation, thermal radiation from dust grains - are essentially
separate from the processes of ionization. But in a primeval cloud of atomic hydrogen,

gravitatign, collapse automatically keeps enough hydrogen ionized so that the compressional
energy gZenerated can be radiated away. Thus there is always enough plasma to keep the
field coupled effectively to taoe cloud as a whole; 1if a strong galactic field existed when
the old Type II stars were formed, tuen preferential flow seems the only way by which small

masses could condense,

3. THE EVOLUTION OF A ROTATING MAGNETIC CLOUD

We now attempt a more realistic, but 2lso much more difficult problem than any discussed
so0 far - that of a cloud with a high angular mhmentum and a strong magnetic field., There
is clearly ample scope for complication in the different magunetic structures one can postulate,
and in the inclinaticr of the axis of the field {assumed large-scale) to the xotation axis.
We shall discuss only two highly idealised models. In the first, the ~loud is rougnly
spherical and has a field which is more or less parallel to the axis. This model can be
discussed in some analytical detail hecause of its having an axis ¢f symmetry. In the other
model (discussed only qualitatively), the field lines are again straight within the cloud,
but they lie in planes perpendicular to the rotation axis. Since the galactic magnetic

field is believed to lie meinly in the galactic plane and therefore prependicular to the
probable direction of rotavion, the seccnd model seems the better paradigm, at least for
star formation in the present  och.

Since ve are interested in magnetic braking, we begin by assuming thrat the cloud field
lines initially extend out to "infinity". However, the structure of the field is not something
that can be prescribed but is determined by the hydromagnetics of the problem; one of our
tasks is to estimate vhen fieid lines detach themselves from the local galactic field and
form closed loops, thus sharply cutting down the rate of magnetic braxing.

A very strong turbulent field within a cloud would alter the whole nature of the problem
if it could twist and tangle the field sufficiently to destroy it ty Ohmic dissipation. We
cannot be certain thet this has not happened during the formation of some galactic clouds.
The magnetic field is then not there to be either a hindrance or a help; the star formation
proolem now consists of getting over the angular momentum difficulty oy agglomeration of
matter into a body of low rctatory but high orbital = mular momentum. (cr.2.3 ). However,
if wve start with a cloud with only moderate turbulence, and with a mass well above the
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critical mass M. (2:3 for gravitational binding agairst magnetic resistance, then it is
difficult to see why the kinetic energy generated in the subsequent collapse should become
amall scale turbulent energy: rather one expects the cloud to fragment into randaomly
moving sub-clouds, eack with an internal magnetic field of energy comparable with the
gravitational energy of the sub-cloud. This is the type of system that we discuss. Within
each cloud the strong magnetic field controls the turbulent eddying, rather than being
targled by the turbulence,
3.1 The magnetic axis parallel to the angular momentum vector:collapse and fragmentation,
For definiteness, consider a cloud vwhich is roughly spherical, of a mass M above
the critiezl mass Mc and with initiallyv negligivle centrifugal forces, Tnen if M 77 Me
ve have seen that the magnetic dilution of the lateral gravitational fieid is smail, so that
the initial collapse is spherically symmetric, and no fragmentation can occur. But the
increasing centrifugal force - assuming strict copnservation of angular momentum - ultimately
halts contraction across the axis of thne system, and forces preferemtial flow down taoe
field, and ipso facto parallel to the rotation axis.
If the cloud has a mass just aocove M c) then the reduction in lateral gravitation
Ly the field will in any case cause initial preferential flow, which we saw in 2.§ is
accentuated by furtaer filattening., The effect of iniroducing a rotation vector parallel to tl_
is to ensure that the flatvening takes place, even if M§7HL and the cloud is initially
spherical,
This fiow towards the equator emanies the cloud to fragment. We saw in Chapter 2 tnat
if all of a cloud of mass y/ M collapses into a flattened svate, then sysvematically
y smaller spherical blopns cai: separate out and oegin .o contract against the resistance of
their interna) magpetic fields, At the same time, tne centrifugal force continues to
"hold up” the cloud as a whole, but it no longer prevents spherical sub-condensations from
forming (thougr we note again the mathematical difficulties associated with rotational
shear). When we ignored rotation, we appealed to Hunter's work’to Jjustify our picture of
smaller blobs separating out more quickly than the collapse of the whole cloud, However,
with a strong centrifugal field collapse in two dimensions is in any case halted:as emphasised
by l»lr:Creu?,:'s rotation helps fragmentation by preventing the cloud as a whole from collapsing
‘a0 8 small sphere,
However, it is one thing to have the flattened cloud break up into blobs, with or
without substantial erergy of z-motion; it is another matter for blobs of stellar mass to
be able to reach the main sequence, With a strong magnetic field effectively controlling
any random eddying motion, it is difficult to believe that formation of blobs with
accidentally low spin is the answer tothe problem., But we have seen that if there is
systematic removal of angular momentum during either the early stages of star formationm,
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or during the approach of an opaque proto-star to the main sequence, then the difficulty
can be overcome. Since we are concerned with the collapse and fragmentation of a magnetic
s cloud, it is natural to ask whether the field is able in these early stages to transport
much angular momentum. If the cloud contracts, conserving its angular momentum, its spin
increases, and the part of a field line within the cloud will rotate more rapidly than
the outer part., A toroidal magnetic component is generated, and the resulting torque
attempts to equalise the angular velocities of the cloud and the external matter, Iater we
must discuss the structure of the field outside the contracting cloud: in particular, we
must decide which field lines, if any, remain "infinite”, and which systematically detach
themselves from the galactic Tield. For the moment we take the most favourable case, and
assune the field lines stay infinite,so that there is a continuous transport of angular
momentum to infinity, If the cloud were at rest, its spin would steadily be reduced;

but since the cioud is contracting, and sc tending to increase in spin, the problem is
one of relative time-scales.

To estimate the best possible rate of magnetic braking, we suppose that outside the
cloud the density is low and the field reasonably strong, so that hydromagnetic waves
travel rapidly, and keep the surface of the cloud rotating with the background. The non-
uniformity in rotation between the surface and the cemter lg ironed out in a time
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\'j B being the Alfvgn speed. By comparison, the time of gravitational collapse is roughly.

-&—‘- N ——‘L—‘ ¢
(ZeMR) T @?se/ﬂ" ’ +)

and the ratio of {[) to (2) is

3 '\ & - t ')?.
RO gl = ()E)5 e

which is of the order of the square root of the ratio of gravitational to magnetic energy.
Thus if a gravitationmaily bound mass has about as much mgnet:{c energy as is allowed, our
oxder of magnitude argument suggests that infinite field lines may be able to keep the spin
low during the comtraction. But since the free-fall speed and the A]Ive/n wave speed are
comparable, one is forced to do a more accurate calculation to reach a definite result.

- 45 -

m“ A AN M 1 MBSO VDI S 0 AN " i) A6 LIS NAABZAD NS 202 LRI AN Ve 698810 SR PRALE O A g L I R SR AN 1 AL A B NS QAN Mt e S A A B /00 80 A5 AL AR VAN I T o et e M L

P T T

}




¢ d e Y P R o ot = e e, . . N
Sy s BN PR 'ﬂ«:‘_—a‘1&E&WFP‘?’%““?'5’2"7,\\-&1('AN.%':.‘:E::;W-theﬂ{-qgvgd«:‘v-}-.m;--u-ﬂ_wa;

It should be noted that too efficient a loss of angular momentum could be an embarrassment.

E First of all, we know that ) and |§ stars reach the main sequence with nearly the upper limit
E of angulsar momentum, and s0 we do not want all comtracting globules to be kept rotating at e.g.
£ t lo"s Isec until too high densities. (It is far more plausible that the sharp drop in spin

E ’ belovw Type F is due to a special Jeceleration process for low mass stars, than that

initially slowly rotating 0and[} stars have been accelerated.)

A Secondly, in our particular model, we have appealed to centrifugal force in order to
E be certain that there will be preferential flow down the field, so that small globules can
3 form. Too efficient a removal of angular momentum could epable the cloud or globule to
contract isotropically - at least if its mass is well above M, (@),

3.2 Magnetic deceleration of a rotating collapsing mass.

We adopt the following highly idealised model, The cloud is uniform and spherical, and
with a uniform interpal magnetic field parallel to the axis of rotation. Outside the cloud,

e the field is nearly radial (except near the eguator), its value being given by the continuity

’ of the normal component. The tangential discontinuity implies a surface current, and a
locally infinite volume force, while the uniform field is curl-free, and so exerts no

- force. These unphysical features are avoided in the more accurate study of 3.3; %btut

3 the present model is adequate for the magnetic braking problem,

If magnetic braking is going to be efficient, then centrifugal force must be small, and
so does not distort the sphere., We shall assume that the sphere collapses isotropically -
l.C.) we ignore also the essentially non-isotropic magnetic force. (Since we expect this
force to be sizeable in the case of interest, this assumption is dubious; but the results are
likely to be similar for cylindrical collapse). We take for the radius of any mass Shell o~
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It is convenient to use as a time-variable

vz —lg(lbyt) = 2L 4le) - -3l (f). (=)

TP Ry T T WA TP TP TR T ISV VT

Because of the assumption of uniform density, the cloud contracts homologously - X is
independent of vn ) and -~  is a uniquely defined variable.
To discuss the interaction between the magnetic and rotation fields we use cylindrical

AR A

polar coordinates ( CS) (P) 2 ). The torque equation is

/\s—n)

Y A SOLUR e

' llas) = ° (¢)
é /

g ¢ €

where ). is again the angular velocity, and ﬁ/’“—' is a derivative following the motion. 3
( The left-hand side is the rate of change of angular momentum of a moving particle of unit
mass; the right is the magnetic torque density, reduced to unit mass by the factor '/ f .

The hydromagnetic equation . and the continuity equation yield
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This can be derived directly by writing the familiar equations i
W e, ) |
; ity :
ﬁ N (16)
ML - T e )

~NE E

: in cyiind rical polars. Physically (9) can be interpreted as follows. 1In the absence of
1 non-vniform rotation, the toroidal magnetic field changes just by virtue of the non-rotatory
motion, Consider a torus of cross-section J.h its axis being the axis of rotation. The

S OER P LSRRI X F TR

9 flux of HQ through the torus is (Hf dP ); the mass of the torus 187y &aB. A SL
‘ If the torus following the motion, and the rotetion is uniform, then / ~T \
] -4

= Ly & H{D per umt wasS = constant . (u) \
WS ~d
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* Non-uniform rotation generates a toroidal component from a poloidal )at the rate W 4’1 (] ) Sz >

50 that the rate of change of the flux of H¢  per unit volume is ( H.U )Y aw;
per unit mass ( ij_.ﬂl)/ﬁf; whence (9).
§ By our prescribed motion (q.) ,
: B= Wo /-£ 2=2,/¢€
e ’ AR (12)
2

3
:
3
:
z
E
i§

3
:
&
%
=
g
3
3
=z
>4
%

E 80 that (¢ ) and ( 1) become
: ~ 3 Py g
B bengs e ?/,,(57-41) - i §=o("") (13)
l Ho ‘
st

2 (M4 = J2 (mey. () §

(\/e 4 N2, E

Together they yileld
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where

\

oy *
Vo =~ = UQ‘HV{“ speed). (1)
e,

With the new time variable (-7), and a non-dimésional coordinate . .

7 = %20) (r)
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our equation reduces to
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This must be solved subject to the boundary conditions:
(1) 127 is the value of 2. at which the field line considered meets the edge

of the sphere, then

2= Szoo ‘Pof‘ ol o
(11) at o= -
i Dn_-. SL.l2) Mg = [Hel2)], (1)

3
5
§

2 - prescribed initial values.

If these initial functions are even in 2)then SLwill be even — jSlAL:Dat 2= 0 for
3 all .

kE - As a simple example, take H4,~=o and =Sl at ~= 0 .

: Under contraction shear develops at the surface of the cloud, and hydromagnetic waves are
E | set up. The solution involves the natural parameter 3 where
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‘ 2 ‘f v-{r\ speed

3 ____-_’__

7—2 Kl 'f"ff—--ﬁq ” S'p(pl at C‘(Jt — i
e V- / Y = distance travelled by an Alfven wave in the free-fall time., If 3 > | :

the angular velocity at é:nme_ v %)

¥ > 22 YR z.“u“
2 St 3}%‘ C‘Dk Q[ﬂ Sw} qﬂm} 3;—] /Saséh ?,i
—— = |+ ,)[@kﬁyf-ﬂ

[2) |

1
H

: N

whereas in the absence of the field,

- s2(*2) QG/b)\T = .J——
‘F?_

Thus the angular velocity oscillates with an amplitude roughly proportional to

> (afs )
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The ratio of the maximum centrifugal force to gravity

&f3) >

2.5 | - e
= e T = “
e

instead of the ( ¢ / £ ) lav that holds under strict conservat%on of angular momentum,
Thus if under angular momentum conservation ,jisotropic collapse )~ halted, e.g.,after a
contraction to :/: © of the initial radivs, then if ¥~ { the cloud can contract by a

factor / //oo‘.s‘f before centrifugal balance is achieved, éo / ‘)(7 + )It:s )
r <L the dominant term in the solution is << € 2
so that if 3 << | the megnetic field is quite negligible.

It appears that if the field is strong, there is a continual interchange of angular
momentum between cloud and external matter, and that the crucial parameter (24) still
inc: eases with time, though more slowly than vhen H = O. A sufficiently great
permanent loss of angular momentum can cccur only if 3 is very large. But 3 cannot te
prescribed arbitrarily ~ we have seen that (with 'I;.- R ) its order of magritude
is at most unity (c£.9. 4 ) One wculd like to see a more detailed discussion of the
problem - with different initial condition, and a more thorough treatment of the boundary
condition - but it seems unlikely that the deceleration can be much increased: one would
think that the boundary condition S = SL» is the most favourabie.

As an example, suppose 5 - | > ands\t".he cloud of maes /0% O
collapses to R /100 instead of R [10 , after which cembrifugal force makes it
flatten into a spheroid with axial ratio ¢ ’, and then fragment imto blobs of mass Me 2 and
radii € R Perhaps the frczen-in fields of these fragments in their turn remove some
spin angular momentum from the orbiting fragments. 4 blob of mass M e% has a centrifugal
parameter > [GP = €, hence again taking I = | , ‘the most that magnetic braking
is likely to do is allow it to reach a radius e(¢ K) (instead ofe (€R )) before nite
bernitachieves centrifugal balnce, If the mass of the blob is to be of stellar order, € 2 '/3)
end the radius it can reach tefore flattening is o~ 2Jx /0 >R ,  which is still
several orders of magnitude above main sequence radii.

It does not, then, seem likely that straightforward magnetic braking can play &
decisive role during the free-fall of a cloud, However, once the fragment becomesopaque, it
will conmtract far more slowly., The details of the theory wiil not be applicable, as the
lav of comtraction is different from (4); but we may epect that a parameter analogous to
(99) will =ppear. If Q£ is the radius of a fragment of mass M4)then the parameter

vill be approximately 2
vyt / Re - (25)

- 5 -

AT aahas T ek e T P o T i T e BT R

R P A T T R R s e e

Ly
a@dﬁ
T P X VoA




e .
jaci st A

Assuming Kelvin-Helmholtz contraction (i.e. igroring Hayashi convection), we have not only

that in a strongly magnetic globule (25) is initially much greater than unity, but that also
it increases with time; for

6, ~ (=2 )Re
GMe

vhere L.E is the luminosity, a slowly varying function of ﬂ_{. Thus at first sight
it appears that we could relax considerably the stringent condition that the internal
field)bafs large as possible, and still get considerable magretic braking during this slow
contraction phase,

Unfortunately, new difficulties arise. We have already noted (2.6) that once a globule
becomes opaque, the adjustment of its thermal field to arbitrary non-spherical perturations
(centrifugal and magnetic force) results in general in large-scale intermal circulation.
The circvlation speeds, though slow over the bulk of the mass, become quite fast at low
densities near the surface; if the flow persists, it will detach the internal ard exterzal
parts of the field. The exterpal part, being no longer anchored in the star, wiil be
easily lost - e.g. blown away by a stellar wind. In the final quasi-static state a very
few of the lines of force of the general field will leak out - their number depending on
the magnetic Reynolds number of the circulation. A weak external field is no strong argument
against a strong internal field = the relic of the local galactic field in the matter from
vhich the star was born; but equally a strong internal field cannot be employed to brake
the star if its lines are nearly all confined within the star,

As even more serious objection, which applies whether the cloud or globule is
transparent or opeque, is that the assumption of infinite field lines is unlikely to be
valid for long dwriag the contraction., We have pictured the cloud as a local condensaticn
in a region of roughly uniform field. The cloud collapses, dragging the field with it;
the local distortion in the field extends beyond the "edge" of the cloud, but far enough

avay the field is effectively the original uniform field. Because we have thought of the
e

field as strictly frozen-in to the gas, we have not envisaged any
spapping of field lines, which have stayed "infinite"., This is
crucial for the magnetic braking problem, in that hydromagnetic
waves can then travel rapidly far from the cloud, and we are
justified in using the boundary conmdition 2= .p.
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It might appear that this question of the existence of Tinite or infinite field lines
is of no particular importance for this model, since in any case we have cast serious
doubt on the efficiency of magnetic braking by a general magnestic field in either the free-~
fall or Kelvin-Helmholtz stages., However, the parameter 3 {20) contains the length 2 —
half the length of the segment witain the cloud of the field line considered. For most of
the field lines - e.g. BA in the figure — 2 == the radius{ ; but those like DC
or¢ much shorter. The hydromagnetic waves do not have far to travel, and the appropriate
value of 3  is much larger; Kence provided the line DC  extends to infinity, the
theory predicts a much lower angular velocity -.EorVCthan for RA. But a sufficiently sharp
decrease in £ in planes perpendicular to the axis, is likely to be Rayleigh unstable,
'energy peing released when neighbouring cylindrical shells are interchanged. One could
1 . thus imagine the cloud to lose angular momentum by hydromagnetic action along DC >
. while interchange instability comtinually replenishes tne angular momentwn of the D C
: neighvourhood from that of the rest of the cloud. The net loss of angular momentum could
3 be much greater than oy direct hydromagnetic action along lines such as ‘BB‘ The structure
3 of the field is therefore an important question, at least for the free-fall stage. We
nov study in detail the structure of the field, to see when the assumption of freezing of the
.field breaks down, and snapping of field lines vakes place.
3.3 Thne magnetic field of a contracting cloud. :
We study the following simple model. A medium of uniform density £ 5
3 and pervaded by a uniform field li ¢ , is imagined to urdergo a non-homologous
4 contraction, yielding the svherically symmetric density field

™
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(22)

N e

Qo - 50 renltmd],

. where Vp 1is the radial distence from the cenier of contraction; tae central density
£ s &) > & i Kfe ),
the "radius" of the cloud. In terms of a non-dimensional radius = (Vo //R3)

tihe new position of an element of mass is related to its original position >¢, =(m / ﬂb )

and Rn is a measure of

3 by tue conservation of mass:

= 6 Ote) e A (2¢)

o o _u2

. g X o

or

'3'.;_()::) . (24)
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vhere ‘g_o (‘1 D) is the mean density within >¢,, Rear the center (76 e ]))

xe ([4_ &)'3 (24

xo

ARH ORI

aldh)

TR

- & homologous contraction to the new, approximately uniform densivy. Far enough away -

xh) £ /?. - the caange in the mean densrcy witain o€y is negligiole, and st == H 0.,
In petween, | < /e, < a_”‘ r"/f) 3
_ Once a massive enough cloud nas oeen formed it will vegin to conmtract; i1f maynetic

AT

1o

\TER

3 and centrifugal forces ctouid we igyrored, it would fali freely, witn tne radius of a mass
spunere at time |- given vy (cf. }', )

‘.' . P h 3
1 s -z [1- Demed™ )T o)

L g Xo

where again we nave selected for simpiicity the spvecial solution for which

24 (o)

: (*).. = (12
2 &= o o { E
3 ;3
= for ali *y, In general wnavever she initial radial velocity field, the inmer parts wita 3
ij ! systematically higner mean densities will have a higher relative acceleration, z ?

E . s0 that the gravitational field tends to accentuzte the mass concentration to the center,
'b as illustrated by (31). Thus although strictly one should follow the motion, and so determine
the evolving density field, we may regard the model {27),with systematically increasing e
and decreasing RQ as describing the effect of the spherical gravitational field at
different epochs.

In the initial state, the uniform magretic field is described by a Stokes stream-function
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jf /Pg (P;)B) = 2 H'- r swtl (33) 3
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? is constant or field lines;2¥Vis the total magnetic flux crossing the equator between
E ‘ the origin and r; . Under the spherical condensation (29), the point ( vy, B )

; becones ( ".)? ); since the field lines are frozen in to the moving matter, we may compute
the distorted field by substituting for Y ¢ in (33 ), and then using (34 ) with
qu)ﬂ) replaced by P, {rs, B) ., ve fina

o~ Y3
H. = H‘:(an’jiﬁi"-)g‘/
| < 2 [25)

; th; 2.0 ()
{1

80‘) ;

ST AR

SO F d ks

HB = 'H{SV"B

Waen <, (x o) ~ fo()u) ‘Z’ 3t 0 && , — the field is uniform, parallel to H"
. 2,

and of strength H: { YN o)/& ) , essentially the result H ol f’/3 . Just beyond 'P

although - ‘90 is dropping off exponentially to f‘; ) the mean density ‘?o (xg

is still much larger than £ , 60 that

21 F2 =

except near the equator, the field is nearly radial. Far enough away, when ?’: ~ ¢ 1
e, Bo= Moo,
Sbvious geometrically from the essentially non-uniform dragging of initially
straight field lives.

An external compression that has the high degree of symmetry required to yield (27)

and (35) is not very plausible. However, a cloud approximating to this model could arise

corresponding to Do 7 D - All these results are

by fragmentation of a collapsing super-cloud with a large-scale field, but of a mass well
above the limit (2:32) set by the virial theorem. In any case, if the magnetic field is
to be able to decelerate the rotating cloud, it must have lines that traverse the cloud
and extend into the medium surrounding., The model is about the simplest that one can B
think of, consistent with the freezing of the field. :
We can row compute the magnetic force density (‘7,\ t’_ )/H;L/l,i The radial camponent
opposes further spherical contraction. We mway easily write down a coadition that the
{radial) gravitational force be everywhere large enough for at least approximatel y sphericsl '
collapse Lo continue;the condition is very similar to what we derive from the v.nal *
theorem for a cloud of radius Ro , density €. 2nd magnetic field H; ( L/ )1,3
The significant feature is the Q- component of the magnetic force,vhich cannot be balanced :
by a spherical density field. This is particulam;z marked in the zone where the field lines




YT VW e

&

Pt 245

aid 1]

a5

ARy Pkt LR

s SV il e e g . o A ettt o TS mal g Y TToeNs TR e T e R T T e T T A
T e Ny S e e e A A e O _«a

TPt ALY

are radial, so that the magnetic force reduces effectively to a simple mmgnetic precsure

—wHY AV 5  vhich must be nom-zero since H, by (s5) varies strongly with &.
Taus imnediately following the primary distortion (37) there is a secoadary distortion of

she density field, in which the magnetic forces huild up. for themselves a density field

able to withstand the magnetic pinching., Since the field is frozen in, the secondaxy
distortion of the denaity field also changes the magnetic field, Equilibrium is reached

(for the zome of strong pinching) when the radial maguaetic field hes adjusted itself to be _
nearly uniform over the qldrant, with the demsity fieid likewise; but im 2 thin equatorial ;
zone, a high density exerts a pressurc able to belance the magnetic pinchy '

H-©
; 2
f(-erutu') C ~ EE: D (37)

C being the isothermal sound speed. The thickness of the zome is

Dro € (ro) ]I % n) | (2¢)

i —

L0y (7o) J L golrod
ey
Lao

This follows because the zone is bounded above and below, at the radial _/’
distance f‘o) by the critical field lire which is chargiag over, from \a—l,r
~—

being perpendicular tc the equator) to being nearly radisl. Befcre

a

~—
the pinching, the height of the cylinder of unit cross section, that crosses the equator
normally and is bounded by the critical field limes, is ty (3%)

do 2 [BE2) (39)

rem———

Polrn

after the pinching the height is reduced by the factcr [ €o (' 0) / fet (ro) ] ;
whence (3% ). It is clear that the pinching will be strongest where the density is
approaching the background value Qs for,":i'écreases like '/"oz’ and '/ / S— increases like
o 5 vhlle the demsity decreases like .exp(—"s/R o)?‘-
The secondary distortion itself does not change the topology of the field ~ all the
lines remain infinite. But the greatly increased curvature near the equator results in a
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sharp increase in the radial magnetic force at the equator, . N /

which nov depends on the temperature of the ga.s>thrngh c. (This V

shows up the limitations inherent in the virial and other inmtegral ,,j),
theorems: they cannot take account of singular regions.) As —
the non-homologous contraction proceeds, both the radial
distortion of the field and the secondary pinching get worse;
even if initially the gravitational field were strong enough

to overcome the increased magnetic resistance at the equator) in

the subsequent flow the equatorial magnetic force in the pinched zone increases more rapidly
than the gravitatioﬁ’;! so that balance is achieved. Thus we see that if the field is
strictly frozen in, isotropic comtraction must break down. Gas flows down the approximately
radial field lines towards the equator, so increasing the gravitational force density at
the equator, and allowing further distortion of the field. Since the curvsture of the
field lines is towards the region of lower demsity, one would not expect hydromagnetic
Reyleigh -Taylor instability to arise: exchan'}.ng field lines will not release energy
(even if one felt certain sbcut applying the energy test to this situation with its large
mass motions) 3 °

However, it is vnlikely that the field will persist long as a highly distorted part
of the local galactic f£i=1d., First of all, the assumption that the bulk of the gas moves
vith the field becomes quite intenable emee the pinched zcne has been generated, We have
aiready seen that when the magnetic .force is "normal®™ - i.e. of order of magnitude H"/I}W R
— the drift that it forces the plasma to make relative to the neutrals is negligitle
compared with the bulk velocity, except when the plasma density becomes exceptionally low.
But in the pinched zone the neutral gas drifts laterally under its enormous partial pressure,
A nevw quasi-equilibrium is set up, with the neutral gas having a density roughly independent
of £ and all the pressure of the radial magnetic field being borpe by the plasma that

b el g

(for the moment) is tied to the magnetic field. Since in an ‘H_T_ cloud we expect the ratio
of plasma tc neutrals to be 7\ / D’l" ) the new pinched zone is thinner by the same
factor. But with oppositely directed field lines so close to each other, Ohmic dissipation
can no longer te ignored, Provided the temperature stays pear [0Z 0K , then

rough numerical estimates show that even it $e / €. is*;o greater than / O?> the
Ohmic decay time is far shorter than the free-fall time for the cloud as a whole, Kecombin-
ation of the plasma under the enormous compression will assist by reducing still further
the amount of plasma available to kecp the field lines apart. Thus the field changes its

b
structure_  first)forming a cusp-like neutral point, which then /‘\ . e
\ - /
=T
S S

h)
|‘2°

divides into an J-type and X -type point.
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* Pield lines successively drift into )(,vhere they divide into a finite part linked with the
cloud, and an infinite part detached fram it., The process slows up when the amount of
magnetic flux over the quadrant through X~ is small enough for the pinching to be much
reduced, so that Ohric dissipation is cut down., Simultaneous with the disappearance
of the pinched zone, the sharp curvature of the equatorial field lines is reduced, so that
the radial magnetic force at the equator reverts in order of magnitude to the virial theorem
prediction.

By this process, the field of the cloud has detached itself from the galactic field;
its structure is more familiar, being similar to the vacuum field outside a dipole, super-
imposed on a weak background field. Since the magnetic energy outside the cloud is far
greater tﬁkthe thermal or gravitational energy, assuming normal densities, one tends
to expect)in dynamical equilibrium the field will exert very weuk forces - z‘,e. the current
density perpendicular to li will be much less than the order-of-magnitud:' estimate (c¥ fan R)
For a purely poloidal field, this means :&a?hghe field is nearly curi-free, This argument,
however, ignores the possibility that thejfield will itself build up, by compression, the
thermal field required to balance it. It reverts to a field similar to the curl-free
field only because by forming the pinched zone it brings about conditions in which the
freezing of the field into the plasma is no longer valid,

In a primeval cloud of pure atomic hydrogen, with no externmal sources of ionizing

radiat ion, the situation is a little more complicated becauvse of the ionization of hydrogen

by compression. However, wa can show that the "Ommic flash" in the pinched zone is agein
forced on the system. As the pinched zone approaches dynamical equilibrium, the drop

in compressional energy generation causes excess recambination; the neutralised hydrogen
drifts out, and the zone shrinks, compressional energy slowing up a little the recombinstion,
until a new quasi-equilibrium is reached. Thus the distance between oppositely directed

* field 1ines systematically decreases - and just as in the HI clowd proolem, at a rate
d.ete:;'mined not by the Ohmic diffusion, which is initially far too slow, but by the much

more rapid drift of neutral atoms under their partial pressure. Ohmic diffusion is required
to change the topology of the field: it occurs rapidly enough because the other process

has forced the field lines together,

Many details still need study. It is not clear that the temperature in e~ HY cloud
will stay nesr 100° K, for the Qlmic and compressional heat generated may be more than the
radiators can cope with; the Oumic resistivity mey thus decline, and slow up the flash
scaevbat, Hovever, the rate of heating can hardly beccme so low that the temperature drops
back to 1000 K: and since the Spitzer-Savedoff cooling timg' is of the order of | 20 years
at normal densities and ie much shorter at high densities, one feels fairly confident that
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- the systematic snapping of field lines will occur once the cloud has begun its collapse.

Purther if the cloud is rotating about the axis of the field, centrifugal force will 1limit
the amount of gas that can flow towards the cloud; and once a near-yacuum region has
formed near the equator, the field has no difficulty in taking on the curl-free structure,
3.4 Summary of conclusions for the case vith’f! parallel to%_._

We have found

(a) 1if the cloud is freely falling, only those field lines which graze the cloud
near the equatvor have a chance of efficiently decelerating the cloud by transport of angular

momentum to infinity; for most fieid lines, the time of travel of hydromagnelic waves
througn the cloud is too long compared with the time in which free-fall increases the spin
and the density?

(b) the distorticn of the field when the cloud is formed leads to local breakdown in
the freezing of the field, so that the cloud field systematically detaches itself from
the local gelactic field. The lines which graze the cloud near the equator are the first
to detach themselves, so that they also soon cease to ac‘ as efficient transporters of
angular momentum: the only lines which stay "in;t‘inite'I in this symmetry are those that
emerge near the poles, and so traverse the whole diameter of the cloud. It is unlikely
that a more complicated initial field structure - e.g. a quadrupole-type- would alter these
conclusions,

Thus during the collapse of the rotating magnetic cloud into a flattemed structure,
conservation of angular momentum is a good approximation, After the collapse the cloud
can fragment into sub-systems with high orbital angular momentum, strong intermal
magnetic fields, and with centrifugal force of spin that is at first moderately small.

But these sub-condensations in their turn will be limited in the degree of spherical
collé.pse they can undergo: the conclusion that magnetic braking is not effective at this
stage has left unsolved the problem as to how a mass of stellar order can reacn the main
sequence,

At sufficiently nhign densities the fragments become opague, and the conmtraction s
slowed up. The time-scale difficulty is thus relaxed. However, the detachment of the
fragment}; field from the cloud field is almost certain to persist, in spiteof the fact
that the opaque fragmenst is contracting more sliowly than the free fall of the external gas;
for the closed loops of Zielid keep the local matter rotating with the fragment, and 32
centrifugal force will prevent the neutral point from being dragged intc tne fragment. Further,
we have noted that meridian circiulation within opague bodies will tend to detach the intermal
field from the external, Thus this simple model of transport of angular momentum by hydre-
magnetic waves is not plausible during the Kelvin-Helmholtz stage also.
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Howaver, the physics of the problem is altered in one important aspect. When a body
vith a high internal pressure field flattens because of conservation of angular momentum,
it tends to become rotationally unstable: the energy in the thermal field enables matter
near the equator to spew out with the velocity of escape. This matter has more angular
momentum than the average, so that the angular momentum per unit mass decrazases a little
because of tiais loss; but, as pointed out and exploited by Schatmag';’ magnetic coupling

between the emitted matter and the proto-star greatly increase the angular momentum carried
off by & small amount of matter. Further, the spontaneous emission of matter automatically
drags out part of the field that would otherwise be trapped by the internal circulation. (Tae
elongated loop will exert strong pincning forces, and will

ultimatvely detach itself from the invernal stellar field). X

—_— (‘Qcﬁl
. Tnous a proto-star vith a primeval interna-l field can contract, always / (/ Lt \
staying on the brink of rotatiomal instabilivy; the amount of mess {

lost during the approach to tne main sequence is much less taan tuae \\ / Im.zl-.., 5
associated loss of angular momertum. This picvure i1s not adequate for \\__// ‘j{ " {
€ ok

s‘l:.ars laver tnan Type F, wnich have angular velocities mucn lower
tnan the more massive stars. Here Schatzman appeals to the analogue
of solar activity that is presumavly always associaved wita an extemsive coanvection zone,

Emission of mavever from active surface zomes will also trausport a very hign angular

momentum~to-mass ratio, provided the matter expelied is magnetically coupled to vhe surface,

Once tae sivar uas ceased to ve on vue verge of rotationa: i1ustaiility, loss of mass turougu
tne equator ceases; put a magueticalily active star wili coutinue to lose anguiar momentum,

We thus have a very attractive possiole explauation ror the oreak iu ausgular momentum
at TypeF: more massive stars reacn tue main sequence wivuaout passing turougu a regime
witu an extvensive conveccive zone,

An ultimate aim of any theory of star formation is to predict the luminosity function.

Our general conclusion is that the angular momentum problem must finally resolve itself
during the slow contraction the main sequence, rather than during the earlier stages, when
the temperature is still low and the cloud can flatten and fragment., Further research
should therefore be directed towards estimating the masses of the final fragments in terms
of the opacity, and to further elucidatiorn of the Schatzman process during the slow
contraction stage. In par ®icular, one wants to be sure that the mass loss is small

during the approach to the main sequence,
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" 3,5 A cloud with} and Sperpendicular. AR
We now discugs briefly what we may expect to happen vhen the strong

large-scale field is perpendicular to the angular momentum vector,. f;—-ﬁ
The most striking contrast with the previous case is that a quasi-equilibrium >-<

state can be reached without the thermal pressure playing any role, In
1 planes perpendicular to Jtthe centrifugal force balances gravity, while

8 slight contraction parallel to’\g increases the magnetic force more rapidly

than the gravitational; thus an initially spherical cloud achieves equilibrium with a
spheroidal -shape., But, equally, the cloud cannot begin to fragment. Excess flow down 1
the field - required so that the demsity may increase more rapidly than H 3/2. _

is prevented by centrifugal force; while flow parallel to JL - 50 as to reduce the
centrifugal parameter > /7 §§ - is prevented by the field.

Thus the evolution of such a cloud depends on the transport of angular momentum by
the lield., Since the cloud is in centrifugal balance, the magnetic transport does not have
to try and keep pace with free-fall, On the contrary, the changes in the cloud occur at
a rate determined by the angular momentum transport: the fact that free-fall has a time-
scale samevwhat shorter than magnetic braking means that close centrifugal balance is
maintained at all stages.

The problem is difficmlt to treat in detail because of the absence of an axis of
E symnetry., Qualitatively one expects some transport of angular momentum from the cloud as a
3 " whole to the rest of the galaxy, so “hat the cloud contracts into a similar equilibrium
state, But the distortion of the external field will again lead to detachment of the
field lines from the galactic field and so to a cut-off in the angular momentum tramsyort.
Subsequent evolution must depend on the magnetic redistribution of angular momentum within
A a cloud. Since in the equilibrium state the angular velocity field will certainly not be
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uniform, twisting of the field will generate torque. A simple model has been studied,u'
3 . using a bogus (axially symmetric) field maintained by a distribution of magnetic poles
4 on the rotation axis. If the gas near the axis rotates uniformly, while that far from

the axis lags, angular momentum is transferred out, so that the inner gas contracts and
the outer gas moves further from the axis., As the mass distribution alters, so does the
gravitational field, and the angular velocity field adjusts itself also; the subsequent
angular momentum transport is also affected. Again, an exact theory must watch for the
tendency of field lines to snap, and so break magnetic contact between regions of different
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rotation,.
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Qualitatively, then, one can see how systematically smaller blobs can arise - all
in centrifugal-gravitational and magnetic-gravitational equilibrium, Once the blob
becomes sufficiently opaque, then the energy of compression, generated in the contraction
caused by magnetic transport of angular momentum, will heat up the blob, which will become
rotationally unstable. It thus appears that again Schatzman's process is relevant to tiis
case also: for it is an essential feature of the picture that the centrifugal force is
important at all stages uutil the opacity becomes large, so that further strong magnetic
braking is required if the blob is to become a2 main sequence star, and not just q,sctof
the hypothetical planetary masses discussed in Chapter 2., Again, the distribution in
mass of the globules at the time when they became opaque is probably a good approximation
to the final luminosity function.

The effect of the field in preventing flattening towards a thermal disk state may have
applications on the galactic level. We notf4, in Chapter 2 that unless one started with
violent density variations, it was difficult to see how a rotating clouvd could break up
into a system with large Z-motions. But if the collapse into a diskiS halted by the
transverse magnetic field, and sub-condensatiorsform only because of magnetic redistribution
of angular momenttm: ‘tgin perhaps the blobs will be able to break off from the magnetic
field and fall onlyytheir mutual collision cross-sections have been considerably reduced.
There is thus a prima ‘3‘1‘. case for expecting there to be more kinetic energy retained
in this case than when both}i andRare more or less parallel,
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